G X E X Pk
H Rectified Flow B4 S 1T

Flow Straight and Fast: Learning to Generate and Transfer Data with Rectified Flow

Xingchao Liu* Chengyue Gong*
University of Texas at Austin University of Texas at Austin
xcliu@utexas.edu cygong@cs.utexas.edu
Qiang Liu

University of Texas at Austin

lgiang@cs.utexas.edu

DS

*XL and CG contributed equally to this work.



FATHRH Rectified Flow (B, X2 NERBMIB AR %, HTFYS (ME) &
W5r77fE (ODE) f51 MWfEMR MR G 7o 5 m Z A TER, B4t
A, ST, DANHMERW RO ERIE SR E— DR — NIRRT R Rectified Flow
fEAEZ: ik ODE RATREINEESE mo 5 m THEARLRNELBRI T, X—HEinEd KigE—
AN B AEL M N IR AR MR R AT S B, HLBR T AR IS B 22 S 2 ANE RS | NEINS L,
1T AT AR AAY PR R KRR, B2 2 FT VR R A2 H bR, BRI E RN A Z BN REERE,
H HICTR I A B E b B R RS Bl  MIMIS 2 E L @iy, FRATEH: WEHEH >
— Rectified Flow FJIdFE (FRATER, rectification) <18 mo 5 m BEERS A N— N
IRRE MRS, HHEMERERN IR AGE, oy, @It ss, o] S EI—FKE
ORBRE IR, FEAEFRRNEL, BN FAEH I R Bk, X Lei R v i p AL, (ESL50
WFErR, FRAT13RA Rectified Flow TEERMGA AR, RIS EHGHIRE DU T B IE M._E 8RB R,
FERRERGAR SIS L, BRIMMMEATIEFEENR, RERHEY5RE &t
RETS 2= R R A

1 5|5 (Introduction)

MBS, TR E AR E SR G BRI 5, PR a8 2K 554 DUE
o REZBEME 7 RN BARREMN DA [RHREI B SRR R, BN, LR igs (GAN)
F3Esr Bomidas (VAE) SFAERMBA [e.g., 19, 32, 14] KR KBRS 2GR RAISF (B0 0 EY
BEGmED, A AIRNEERE, FoRY SR TIXAERTARIR: R EHE I R B R 5 A L 25 o A
W EIR) & A, MR IE X EERE R, N TREIESER, SEIERTTIREM N
WEEHTEAE 70 A B SO, T EGEIEGEIE,. XUSEBMGUREIERN [e.g., 100, 16, 79, 59



IXEAES5HR A G — N AE P 017 R] TR AL S -

&5} W8 (The Transport Mapping Problem) 4% & M4 #F Xo ~ mp, X| ~ m £ RY
L 2E AR, KB - TR - R (RFALMAELERFHSRRY) . K7L
Zo~mo W Zyi=T(Zo) ~m B (Zo, Z1) & mo Ao my 890384 (eirthin s £) .

IRIEATER AR T, CA R 2 AHORE L, EEGUERERIT, T AMEMESHIL,
T GAN B/ IMRORBRTEREL (GEP) AR (MLE) #4714k, 281, GAN ERMFER
(EARE AR A, TERBLERAMALIEZS, TS A RS FEEE ST
o 5—J5mH, MLE XEERTEAME DA, KL% 778 Monte Carlo JL{UEEEEIR (40
oy Bt as PR, BURFIRBUSE CAnAMELTTN B [BEER) , DURTG Al BRI IR, &
BERIRAE) 5 H B Z IR A 155 DA R

BOEHNE RIE S G RFoR Eeat Az, ST T REL fila, LS R (ODE)
AIRARRY [e.g., 6, 50] FELFENM 37712 (SDE) BYY B [e.g., 73, 23, 80, 11, 82], {EIXLEAH
Rirh AWM FOREERERS ), $E ODE/SDE KRGS TEHEMINS LU 2, et A 2@



ItFIFH ODE/SDE [NEU#E5H, SN BRI R @il gr, Tofs R AR MK Bl % Gk (DU R,
Ko WEBWIGIF 2T AR T 8 AR [71-73] ERT BEERES (DDPM) [23], &
MGHR R MY BT 15, X EMEIATREVIZR R MUY 81 /SDE B4R 1R BG4 s EI iR
M2 BAGEE GAN, HIEARE MRS URRIAR [e.g., 12, 53, 61, 64] %3] EIHY SDE Aj@
MR ODE (PF-ODE) (73] #1 DDIM [70] JFiEFE#AHEME ODE B8, NP,

SRIM, AHEL GAN A1 VAE AL AL, S AR 1 — D BB N 1R T34
frim: AR A (AR FTEMBUERESKE ODE/SDE, %K EE R & St
IR, AN, IA RN BERFRAEE RIS R T REESER, BAKIEMEIE EH
FATR [29]

FEMAETTES, AU USR8 H A B, TR R B il A2 A ST HOR DA R4

BOER L, BIUL Cycle GAN [100] MIEY B EERZIEGREIE [e.g., 75, 97 —PTHAG WD
GURIHEZR 2 R ML (OT) [eg., 89, 2, 15, 59], Efft—EHORM TR/ MmN IR BRI

&, HERXHN Ele(Z, — Zy)] wrt. [RINEEL c: R — R, BN HFERFITREYS, A, B
B OT BN @4 KB R ERERZE [50), HAb, B TERANT S SERRY: SRR 78 2%
7%, BRFHEAAL RIS R T EAN—E A BRI ESIERE [34)0

pifk (Contribution)



Initialization N=1 N=2 N=5 N=10 N=1000 Distilled (N =1)

1-Rectified Flow  2-Rectified Flow 1-Rectified Flow

2-Rectified Flow

B 1: The trajectories of rectified flows for image generation (7o: standard Gaussian noise, 71: cat faces, top
two rows), and image transfer between human and cat faces (mp: human faces, m: cat faces, bottom two
rows), when simulated using Euler method with step size 1/N for N steps. The first rectified flow induced
from the training data (1-rectified flow) yields good results with a very small number (e.g., > 2) of steps;
the straightened reflow induced from I-rectified flow (denoted as 2-rectified flow) has nearly straight line
trajectories and vield good results even with one discretization step. Rectified Flow U FEGA K (ny:
PR R, o BRI, BT MARSERRIEBERS (7o AR, = Jk, W7, RA
WHLTTTERSL, HKA 1/N, £ N, WIZGEIEE SIS — Rectified Flow (1-#7R) B HH/DEL
JUE (BN > 2) WEEIRTS RAFEEIR; M 1-BRAESIFEI Reflow (80 2-#AR) HAIELIELMN
5, BUMEAH—F S EU RIS RAFE5 R

both theoretically because it is the shortest path between two end points, and computationally because it can
be exactly simulated without time discretization. Hence, flows with straight paths bridge the gap between

one-step and continuous-time models.

PAHRH Rectified Flow, — MaBHERAEHRBR BRI IR, G oRE U S ausiE
. Rectified Flow 52— ODE &8 J@EF KT 4R M A &2 K010 o Ed| 7. BHLIKZ
ZPRLARTHY, — 75 RIS BRIy e R M R R SR, S — 77 R RO B R AR A B R
FERAIARL, (KL, BA ELBSARR IR S A RSN [ A [ SR,

Algorithmically, the rectified flow is trained with a simple and scalable unconstrained least squares opti-

mization procedure, which avoids the instability issues of GANs, the intractable likelihood of MLE methods,



MEIEE, Rectified Flow FfaI8 AT RACL H /N —IRMMERIIZE, @R T GAN BIAFRE
PE. MLE 75 IRAREAC B DAR R SRR R A SRR, MIIZREHEIRTSE Rectified Flow
AR EA RS I AREIETER: 1) MATE DR R ¢ B AR SRR, 2) BRpEE
MoK, FERBUERMRRIIRZE, Kk, B Reflow IFE—ERALHTEEIN Rectified Flow
BRI YIZRHTHY Rectified Flow—FANSSNLOIELA TR, R UH — DI B R tRER
1§ RIFEiR. TATTEE2ET ODE, EM& EHET SDE WYJ5i% (23, 73, 70] B, R
R,

1
Sk b, AR AR (WA 1 _EAT), Rectified Flow FUEEA SR & B G, XF— Reflow,
M ELZ, HEBENAAHRERTT RIFEER (B 15 A7) XORIESOH T AR 220 6L
Fiik. TERDPEY 8/, BATE CIFAR10 LiXF|HREMER FID (4.85) MEIA (0.51)
fabR [0, 18, 91, 99, 17), F—BIEAEIIIERAES EIGEIEGEE, WE 1 MW7) R
S EER I R R,

2 Jiik (Method)

2.1
2.2 2.3

RTEAE 2.1 THREETT IR, RELE 2.2 THRH#E—PINEREH, 2.3 TAATTERARLNE



=Rectiﬁed Flow
Sy Linear
Ssss==Interpolation

(a) ZeMEHiE (b) H (X0, X1) S Rectified Floge)Z& I HHE (d) H1 (Zo, Z1) P53 Rectified Flow Z,

Xt =tX1+(1—t)X0 Zt =tZ1+(l—t)Z0

[%] 2: (a) Linear interpolation of data input (Xg, X1) ~ w9 x71. (b) The rectified flow Z; induced by (Xo, X1);

the trajectories are “rewired” at the intersection points to avoid the crossing. (c¢) The linear interpolation
of the end points (Zy, Z1) of flow Z;. (d) The rectified flow induced from (Zy, Z1), which follows straight
paths. (a) BHERA (Xo, X1) ~ mo x mp BEMEHRGE, (b) B (X0, X1) BEFH Rectified Flow Z;, PUBTER
RACEFER DR Y (c) W Z: Yird (Zo, Z1) PIERMAGEE, (d) H (Zo, Z1) BESFM Rectified Flow,
BHEIRR,

e, BIE SRR ODE (Probability Flow ODE) [73] 1 DDIM [70] FiEHBER S5HH,

2.1 JFEMYE (Overview)

Rectified Flow (Bjfiifii) Given empirical observations of Xy ~ my, X1 ~ 71, the rectified flow induced

from (Xo, X1) is an ordinary differentiable model (ODE) on time ¢ € [0,1]. The drift force v: R — RY is

set to drive the flow to follow the direction (X; — Xg) of the linear path pointing from X, to X; as much as
possible, by solving a simple least squares regression problem.

ZTE Xo ~ mo, X1 ~ w1 AR, B (X, X1) BEFH Rectified Flow 2NTA ¢ € [0,1] EAFEM
7777 (ODE) f&##AY:
dZt = ’U(Zt,t)dt,

B Zo I mo BRHONIRM m1 19 Z10 TEE) v: R — R (BT BFRZ SRR ATREITE M X fi5
] X, BIEPERAZ T (X1 — Xo) 1880, JXIEID SRR a] B AN e )> —3fe Al ) ] AL S -

1

mvin/ E [||(X1 Xo) —v(Xe, t)|| } Her X, =X + (1 —t)Xo, (1)
0

where X; is the linear interpolation of Xy and X;. Naively, X, follows the ODE of dX; = (X1 — Xg)d¢,

which is non-causal (or anticipating) as the update of X; requires the information of the final point X;. By

fitting the drift v with X, — X, the rectified flow causalizes the paths of linear interpolation X, yielding an

ODE flow that can be simulated without seeing the future.



Hb X, & Xo A1 Xy BMRE, Bk, X, HE dX; = (X1 — Xo)dt, XBIFFRH (SR
DLRD), BN X, FEHREAEZA R X, NER. BIEH Xi — X EEEY v, Rectified Flow
KEMERRERRRE X, Hioy B AREMERT, B3] UCFRMEARMFEHELN ODE,

1

SCERHR, RATHE ML sl AR MRS L o, FFHBEYLEE T RSP R a8 K8 (1)
(FIRIRA (Xo, X1) HIRERAE) o ZURTL 1. BEl v 5, BN Zo ~ mo KM ODE Hf o Fefft
Ao, B Zy ~om RIRIERE m #H moo EURHL, X T RERME, BAIM Xo ~ m R
dX; = —v(Xy, t)dt, HEE X; = X1 AIAFMRARAENGEEDFESFHESE, KA (1) FHE
PREREOC T ISR AR, BIZSHe X M1 X, FH#lEE o RS 2180 AR,

BRI 75 TR ORHEAE T IV ME BT 80 E CAHARY ODE dZ, = v(Z,, t)dt BIRFREEE (%
ODE A f#7E HME—f#) TEEMINZ ¢ € [0,1) BAREMZS, AikHL, FREEME » € RY FINZ
t € [0,1) HIGMABEE AR TIHHE 2 AHH%E, SN ODE HYMEAME—,

M, EERE X, FREATREAH AR (AE 2a), XEHAERIR, Fit, & 2b Fi7R, Rectified
Flow 1E22 AL BT HIL DOBF AR, RN BT (1) BI0UE, PRISSEMEim E R A R A
FE T, TATTAT DURF e Mdife X, BIFRIEER no M1 m HUEE (BB5E), R Rectified Flow &



PERLF DUREAL, JEicls. AR ROEd X e, MIMeER RN X, f1 X, BOX 2 RS
B, JFERE (Zo, 21) FERTERN,

3.3

3.5

(1) REHORIR, T Rectified Flow MIRLRE (Zo, Z1) (RIFR o, m MIEXGES (EB13.3), HIY
o ~ 1o B 20 BRM my0 SN, (Zo, Z0) MFFE AN BER ¢ AR HR AT HREIN (X0, X))
HIERR T (EEE 3.5).

AR (Xo, X1) ATRARZ mo, m WIEEME, EEEBMSZH B (Xo, X1) ~ mo x ™), X2
T SERRA ARG 2 A B BT, M2 R, Rectified #E (Zo, Z1) BEWEEME, RN
‘B ODE #AIME, I8 (Zo, Z1) = Rectify((Xo, X1)) MM (Xo, X1) Bl (Zo, Z1) WIBLES, [AIE,
Rectify(-) FHEEMAHMANEH N BRI E RS,

HIRATL 1, 12 Z = RectFlow((Xo, X1)) NH (Xo, X1) 5FH Rectified Flow, JBIHMNHIZE T
1§ Rectified Flow /¥4 Z" = RectFlow((Z§, ZF)), H (28, 20) = (Xo, X1), Z* F5NEE k
Rectified Flow (f&#E k-Rectified Flow),



Bk 1 Rectified Flow: FHE
ﬁﬁ: 7Z = RectFlow((Xo,Xl)):
BN RE mo 1 om BIE (Xo, X1) HUREE; HERTY vy R — RY, ZE0H 6,
M&k: 6 = argminE ||| X — Xo — v(tX] + (1 — )Xo, t)||2] , HH ¢ ~ Uniform([0, 1])
0
KIE: M Zo ~ mo TR (B Zy ~ 7y RIAD 1% dZp = vy(Zy, t)dt RAE (Zo, Z1)o
BRE: Z={Z:tel0,1]}o

Reflow (F[%): ZM! = RectFlow((ZE, ZF)), M (29, 29) = (Xo, X1) FF4h.
W (k) ESIMRML T DAZRIBE k1 Rectified Flow, f#15 ZF ~ T(ZF),

X— Reflow (FEER) HREAUBERERMAN, EHAFE Rectified Flow BEEAVEZLN, HI
MRS R E - H, RAEHE EWRARSG 1, BTN BRI AR E R S 206 R &
HUEIRERV N, PR L, e FERIESE ] B IR, SKhn BB BRPHRAL IXRRR T
A ELM A ODE/SDE fRAEFRCHT & & HIHSUR L,

2.2 FHEGRS5PE (Main Results and Properties)

3

BN EE R EEE PR AL E IR AR IR, NREATEMTAE, FARFFIERIIEETUXS,
Rese BB AT IR EIES 3 79,

1
Bt NTHRENMAME (Xo, X1), HHEH (1) BEHR/IMERL DL R 0A2):

vX(z,t) = E[X] — Xo | X; = x], (2)

RExd « FENZI ¢ LTI X, — Xo BT, DURITHERRR dZ, = v¥ (2, t)dt PR, Hr
Zy ~ mo, REHEMD TTREE M,

RiLZE (Marginal preserving property) [E3 3.3] 5 (Zy,21) & 7w o 1 894846 - £F
Lt EEANR L Z, QREIHFT X, %5 H B Law(Z;) = Law(Xy),Vt € [0,1] -

10



EHME, XREIRIE (2) B o BEX, {ERTE A EMNZNEE &0 T055 MR PR AR
HEHEEAE X, M1 Z, BB 0% PRSE, SR elIREERIRIA S 016 :

ronsi (D) - wasitit (R SR = Law(Z) = Law ().

S—J7H, BN Z, M X, WS AIEE AR R, X, EERZIRER, JES/ReE
&, BAMIMS (Xo, X1), M Z, ERFIAENZIAZ o MERER, X X, 3T 7R XL, &R
T R AR & B ALAL,

FHILE AT (Reducing transport costs) [EH 3.5 # 4 (Zy, Z1) *HEAT RN &4 c: RE —
R. ZATRIHIN (X, X1) 9 LFERRN . B Ele(Z) — Zo)] < E[e(X1 — Xo)] -

RE T BARYEA S 15 FIRE SRR — D o B R AR 2 5 — D iR, B&eIu%
FE LR [BIAN 54, 85, 65, 59, 15]e WIHIBITFZ c() = [||*, HF o> 1. Kk, Rectify(:)
A RIS & B EIHRIE RRE, T HEMRFER co

3.4

X XA T MR AR AL T 1%, JEE B AR ¢ BT, B, Rectify(-) AIBVAN
MARECRUERMEMIZAERT ¢ #RREIRE] c-mIUMES, BRT —4EIRTL, MK Rectify(.) BIASIRSH
I /MU ARG ARYT ¢ BUME—BIAME —8G WS 3.4 7,

11



BEAE, MEENRIE R RV EEIRIR Z, MRS RIERE (X0, X)) WELBRINETERE, N
WAL, FE () = ||-|| RSN, HERMERRT E[|| X0 — X1||] F1 E[|| Zo — Z1||] /&R m
PELKEIAE, %0 B ~EFEEHE:

El|Z0 - 2] = K (m) < ke ( < fﬁ

3.2

Hrp (2 A= mrsX, © BOLREY 2, WKERE X, HAMRNENERE, ME (2) b oX
HIRIE, X T R ¢, RORNERERERAFALES 3.2 Wt

N 3 FioR, YBADBERN FEFE Z8 = RectFlow((Z5, ZF)) B, 28 k MBI Z8 HIBR1RRE
Ak FEINMECRERER, FEAERE EEASEL, XA S ERIE BT DRIE,

BAKTE, BATHIR dZ; = v(Ze, t)dt 2B, WERXTE Ve € [0, 1] JLPFRRE Z, = tZ1+(1—t) 2o,
HENH (2, t) = Z1 — Zo = const IFFRIRIZAL, (CEEFMIE, XHE” B 2fUFREE
HNEL, ) RENERETE ERRWKS ), KOy ELPR LR PR AR 3
Z1 = Zy+v(Zy,0) M Zo FEHRIFREH 72,

12



1/m
| --m- Transport Cost
';I --e- Straightness

N\
/

i LT
\\ 0 Il..ommmnoom
[ 10 20
Reflow Step
(a) % 1 MR 2 (b) Reflow Z* (c) Reflow Z* .
: B : : (d) BN, T EPE
Z' = RectFlow((Xo, X1)) Z? = RectFlow((Z3, Z1)) Z3 = RectFlow((ZZ, Z%))
3:
5.1
5 (a)-(c) TLEBIFHM reflow REERVFIBFEAR (mo: 8O, m: AEA; GE

IR LR SR mo, mp DRERIVFIL) . (d) reflow HES FEVEFAN L2 EHARMNIIRER; [EvdiE
[0,1], Hro MV ELHM L2 miifEf; FEWNEE 5.1 15, BAER (5) H5E h = 0.1 FAFSEUEEL,

EELMHE X = (X} mite EEN, HEr2 (HRA) i, FHEAEEREWS LN
mo I mp FIREARBIIEO PR, MEEZ R, R dZ, = v(Z;, t)dt EEREIFELR, FAMRREX
FE, v R R TR AR B2 00 + (0.v)v = 0:

%’U(Zt, t) == 8ZU(Zt, t)Zt + 8t’U(Zt, t) = 8ZU(Zt, t)’l)(Zt, t) + at’l)(Zt, t) =0.

i, FATA] POEE DU 75 M BAEFNES I fod e Z = {Z,) B FER:

S(Z) = /01 E [H(z1 ~ Zy) - Z’tm dt. (3)

3.3

5(2) = 0 FTRBWMNE, FEMR/NIRAGITMEARNRKE, Kital DD EBICS E8H
BUERIRARFE I, 8 3.3 TaRAAEEI N BT ALK S(Z) b 2%,

13



3.7

[ 3.7 % ZF RN (X0, X1) FHOF B AERA . N

. E[[| X1 — Xo|*]
min S(zZF) < =2 2O
ke{0~1~I~IK} (Z27) = K

i 1 R, REMA—Y reflow gL DHRELE LI ERTR, BIEEH SADERD BN thaE
RAFHIMERE. NEWMHIKZ reflow HE, FINXATRERMR o BIbTHRE,

1

PAFE kDR 28 5, BATTLOED R (28, 2F) MR RARMB MGG T sk —5 oot
WEHDHE, DLEM ZF i ZzF, mEHFELSR. HTmeSatlZER (Kl 5 EHR g
HIELL) , ZEMEA] USRI i, ReplHh, WIEREL T'(20) = 20 + v(20,0), WIZXME Z* WL EEE
E [H(Zk 78y — v(2,0)]| } XIS ¢ = 0 B (1) A9,

AT L s A R AR L AR DX 2RI LSS HE B & (25, 21), TR A — DRI
E (Zy zrth), BEERNESRN T EEENTR. Fit, ZMANEREMERMNA, 4340
AR AR DAS IR BRI B 2D LI

R Xo EFEMF X1 = o1 FEEFMHFREEEE p(zo | 21), WARMIEES v¥(2,t) = E[X; -

14



Xo| X = 2] ATDAFRRN:

Xl—z
1-t¢

Z—tXl
1-t¢

) =B [T )L ) = (

HAREE E[] %F X ~ m KRB XA DUBI R BN A0 X, = 2 OUH, X = =50 f)
Xy - Xo = X2 A, HI, MR p EEAMTERER FLESE, 0 o 7E BRI x [0,1) L2
BT S LIRS, S—%, A1 logny T = MESLATRL, Bl Ta] LATER:

V.o (2, 1) = %E (X1 — 2)V. log (X1, ) — 1) (X1, 2)].

FERAIER X 7E [0,a] EXHEA o < 1 B9 0RmESE, W dZ, = oX(Z, t)dt FUEEKE—H,

MR Xo|X1 = oy FFEELEBRERE, v¥(2t) ATRERE L ARES:, HHMDHRE 47, =
vX(Zy, t)dt IT AR, BIERAMBIERA Xo AT (Xo, X1) FIEHEE ¢ ~ N(0,021) LIS
FFIRER Xo = Xo+ ¢, RIEHARRME X, 6% X X%k EAH TR T(X, + )
IBENLIL, & 7o (EHE] 710

7R (1), WMRFARERE p(-|z) FEACH, H m B2ARDRNERENE CGLHIER DR
WD, TATATDAME AR o EIBT, M TRRRAEIKE =~ TR AR, £X

15



ZRIEO NIRAESLERPHAEM, RoveZedtlaidE. Fit, Mrhemsedi2 8t ehE
FREGEIL AL S o BROEILEE RN, DRSS AR R 2,

KT RMUANE, PR 2 W 4 TeRE 2 B A O PR BSOE T A N TIRZENEE, DA faf B A IR E- TR
ARNSHIAES BAG T 88 i) AENABE SR AFE L p AR PRSI i A4 RATAIEIL :

Xl—Z

X.h
' t)=E
(e ) =B |

Wh(Xtyz) ) (5)

Hrr wy, (X4, 2) = %, M Kz, 2) BHESE L > 0 BFEZX, fi8 2 o ZBEHELIE,
BT RBF #% kg (2, 2) = exp(— ||z — 2||* /2h2), 24 h — 0F B, ATDAERA o0 (2, ¢) TERERE X, 3K
IR 2 BBEE] 0¥ (2,t) = E |32 | Xy = 2| (AIRMFHE E[ | X, = 2] #1E),

1E Xy TCIRBEINA 2 b, oM (2, ¢) BREEEGE 2 1 X, #ATIME, TES2ERT, BATASER FI9E
e (5) HEYHIE, BATEIL o5 SRR R R, ROVEREIEA m SR R AL bR £

R,

2.3 JEZkMEY B (A Nonlinear Extension)

3.3

FATHRH Rectified Flow BJ—FAELRIEY R, HoZeMidmE X, BTN R AT uhZem R, il
BERE Xo T X0 JXRT SCRERTIRER 0 A6 mo G502 m CEE 3.3), HABERIEMEmANH

16



B, WMAREFEMRN, EEAE, BERFTTTA (73] #1 DDIM[70] Al CRED N IZHEZRATR
R, IXEEBRAIRES T 51X ETTARERR ML

WX = {X,: 1€ [0,1]) R RRTMBENULR, R Xo F1 X1 2 X, 8 X, X TRERSH,
X ESH GRS Miine b

dZt = UX(Ztat)dt> /E\:EF' ZO = X0> H UX(’Z’t) =K |:Xt ’ Xt = t] .
AL RN R g T X

min/olE [wt Hv(Xt, ) —XtHQ] a, (6)

(2

3.3

Hrf w,: (0,1) — (0, +00) BIEMBUFS (ERIAN wy = 1o MEHSMRE X, =tX + (1 - )X,
i, BATE Xi = X1 — Xo, (6) (w, = 1K) BN (1), W& 3.300R, EAEREINR Z 7
RFE X W%, B Law(Z) = Law(Xy) (vt € [0,1)), HIE (Zo, Z1) A 7o, m WIRES . (HF
X AEEZ, W (Zo, Z1) NELRIEAERT (Xo, X1) A& HIED . BERBEA)Z, Reflow WA
FHAREEE 7, BT,

17



—REERNBELEN X, = X1 + B Xo, HF o F g BN DAITUFA, HE a1 = B =1
ap = B = 0 DMBEIES AR SN S IET Xo M X, I, 1F (6) Bh X, = @X1 + X,
Hrh a, 18 818 o F1 B, BINHEI S, BHERIIRE o T 6, BUSERIER, B B =1 —ay G
Frf v, N X, BABELRREAECHEEIZS); ErMAFMERETE X = tX1 + (1 — )Xo HIN
FESHZER (Ht BESENN o W) 2 5 #1— o N, X, BIBIRRR T HEERIREE (A0
X1 =08 ;X0 =0, B X; =aX; (FaecR) I, FREL

2.3.1 Wi ODE 5 DDIM (Probability Flow ODEs and DDIM)

3.5

B ODE (PF-ODE) [73] MIEMEY #EAEEAAL (DDIM) [70] 2 MIERE & BHIE 310 o F
>] ODE BUA AR m W77, EATESE EMEY 80715 S0 SDE #4 oy B A EM L4 EN
ODE Tif3 &, 7E [73] H, M=2K SDE (3 NETHEIAESER) #SH =K PF-ODE, U
JiZWNE (VE) SDE, 77ZfR1F (VP) SDE fl sub-VP SDE, Ff14351id8 VE ODE, VP ODE
1 sub-VP ODE, VP ODE X DDIM ESN AR, 585 HERY BRER (DDPM) [23]

Tk, HT PF-ODE Ml DDIM HU#E ST ZE&FRMA 2 TH, TAMTHE [73, 23] Al
MERAFIRER, XRAES 3.5 TELE, BEAZF [73, 10] THIER,

[# R 3.11] FiH PF-ODE ZHEMEA X; = X1 + B (R o, p R =1, =0, £ F
E~N(0,I) Al RIHIEE) 0. HTRY (6) Y4
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approximation.

BATREH ¢ B Xo 2R [73, 70, 23] RN o FT B IEFATE t = 0 ANAFREM ap =0
M By =1, Wt Xo # & MR, TEXEFES, WIIETH Xo ~ 7o BRRE SN Xo = ap X1 + Boé,
T2 ap X1 < Bo& TIEMN Xo ~ Bole KRIMTEIXLETTTEH, w9 BIZEN N(0,831)s MFRATTHY
EZRE, BABEHE ¢ BREDY N0, B21), HEAHBERE ay =0, 8 = 1 KRiEERITLL

sub-VP ODE
(at in (7)a By =1~— 04?)

B

(at:t,ﬂt:1—t)

1-Rectified Flow 2-Rectified Flow | 1-Rectified Flow 2-Rectified Flow | 1-Rectified Flow 2-Rectified Flow

B 4: Comparing rectified flow with VP ODE and sub-VP ODE when 7y = N(0,1) (purple dots) and
is a low variance Gaussian mixture shown as the red dots. The linear rectified flow yields nearly straight
trajectories with one step of reflow. But the trajectories of VP ODE and sub-VP ODE are curved and can
not be straightened by reflowing. BRRES VP ODE, sub-VP ODE fE mp = NV(0,1) (s M m A
KA LSRG (R) MR, SMERERREE —2 Reflow 5 EERIELUE, {H VP ODE #l
sub-VP ODE WL 2 ik, ToikiEIT Reflow *FHE,

VP ODE fil sub-VP ODE (VP ODE and sub-VP ODE) The VP ODE and sub-VP ODE of

[73] use the following shared a:

(73] H#) VP ODE #1 sub-VP ODE {41 R F oy

(sub-)VP ODE: «y; = exp (—}la(l —1)2 - %b(l — t)) ;o BIME: a=19.9,0=0.1, (7)

where the default values of a, b are chosen to match the continuous time limit of the shared training procedure

of DDIM and DDPM. The difference of VP ODE and sub-VP ODE is on the choice of 3;, given as follows:

Hrh a,b FERINEIESE PAVLAL DDIM 1 DDPM H [F] Il g 72 19 3% 22 [ A BR. VP ODE
sub-VP ODE WJXAIET 3, HIIERE, W FFR:
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I R B AL A VP ODE sub-VP ODE VP ODE (fHEHE)
PN ap=t,08=1-1 arin (7), Be=+/1-a? | auin (7), Br=1—-0a2 | az=t, B =+/1—0a}

N=5 S ——— e = S E—— > p—
N =100 A — T e = )
[ 5:

RNATTEE BRI N NS (5
i mo; AR m; B REY; EtHhg: mu) . BN ELZissh HAaER R B 5HERE;
AP AE R BE(E, B2PHNREERE N0~ (A N =2 2R). MILZTF,
VP ODE Ml sub-VP ODE DARS S ihLkizs): ENENIaRBRg, JaiihnE O EH 2 A1
t20.5 W)o BT ay = ¢ AIEERIRISNEE (WERE—5).

VP ODE: B =4/1 —a?, sub-VP ODE: ;=1 — o?. (8)

HT4E VP ODE Fl sub-VP ODE i 8y ~ 1, HifMENR R mo #RECH N (0, 1).

]
(o

EIR oy, B WERSE [73] T SDE MHESEER, BEREIES ODE MR, EI1raE)
MIAFEST

o FFALIAZE (Non-straight paths): H17T (8) H1 5, HJIEEE, VP ODE #l sub-VP ODE AL —H%
eihgk, TLiEEL Reflow MRV EH, NMEE 8 =1 — oy ABEFELIERE,
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o 3E3 LR E (Non-uniform speed): (7) H o HIFEEUE
NS SDE BN Ornstein-Uhlenbeck &2

(IS5 (75, 23], BT ODE, A (7) REHDMHE,
& 5 iR, VP ODE fi sub-VP ODE 1Y oy 1 6, fE5

WINE: (1<0.5) I, ik, MMM, K oo o5 1
SRS TR, SR AT R | k% :g%mt ; g
%, {# VP ODE Fl sub-VP ODE 7 ik K HAER e e
[, B R AL R BTGB A IS L 5). W1 5 BuR—SIFFR, 1% VP ODE il

oy BONERNERREL o = ¢ ATRIGEI S  BEFTIR AL, [N ERAFAR R B RSN TR S0,

—— ay, Rectified Flow
—== p+ Rectified Flow
— a; VP ODE

—-—- Bt VP ODE

—— a, sub-VP ODE
=== Bt sub-VP ODE

(73] HH VE ODE f§H oy = 1 1 B, = omin V/r2(-0 — 1, Hrh o0 = 0.01 2ERIME, » REMS
1% Omax = romin F 1T m FITEIIZGEGE RN AR ARBERREER ([72] £475 1) R 02, IERT
o2 Xy BIT72E, W Xo = X1 + Boé = omaxl, TAMTALKRIIEITIEEN 7o ~ N (0,02, 1), H
FEIERT 7o Eitk VE ODE JTGENAT (MARERTE) B 4 FE 5 HRETETRHA, 5 (sub-)VP
ODE THEMEMLL, X ¢ BIRRBIEIR L2 R, omax FIBEMNRATEZR A EBHFTTHE, 5 —T7H,
VE ODE H1 X, WHUBHSCNEL, WA X, = g WTTAMGES ¢ MR, {2 8, RSB
T (sub-)VP ODE HYAELS 5] B R,

4k (73, 23] G, EAEZILIERKENH o, 8, HIERE, {BI532HI1T SDE-to-ODE #fEFRIEAR T
22 0H]; WLBIAR (54, 29, 95],
6
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BEE—T, (6) PRYRIERARLME RIS B R XY R T IAEZR, R T2 N E LA
e %3] ODE AJE#MANZIHHAT, JERRIFIEY B/SDE Ji1k;

e *#>] ODE WIBEAIH X, f1 Xy REEDGIEGEIZ X, f57E;

o MIUEIIAR mo AIMETRERE, M2 THME X, AR,

o FRIELRMERRME X, = t X1 + (1 — ) Xo NMAEABRINEFRIERE,

H—J7H, X, FARRMEESE IR NMEE A M SR AR B RS AR 0 LS L 254,
BAEN ODE HYHURHE AN LE LT . B TR B AR AR,

3 P (Theoretical Analysis)

BB RIS BB AT, 45 RESESNT,

o 38 3.1 1) FTE EAEEME X, NARSMRERITE IREL & 010,
o [ 3.2 ] B (BERIFRESMERRED PR ERUT,

o [% 3.3 1] Reflow (FEEEHD) fRIEFEM (Lbh) B,

o [ 3.4 1] BAEBEVFEMES RIS ZRIFIKR,

o [ 3.5 1] BA' 1 PF-ODE @/ AR IR TRAT S,

3.1 PB4 (The Marginal Preserving Property)
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B RFHER Law(Zy) = Law(X,) META t Lz, 2@ (6) HATA RSB amima — Mt
JiR, TCieEE X, = FE.

X 3.1, a Tz AL EETHOMMERE X = {X,:te[0,1]}, EM2RE X TAHA
UX(LIJ‘7‘I‘,') = E[Xt ’ Xt = l‘], Vr € Supp(Xt)'

T g supp(Xy)> FHMBREZL, KAVEZRZ oX, Wdo vX(2,8) =0-

EX 3.2. wR X AAARATARS ZRGBHLE—, MNE X THER:
t
Zy = 2y +/ UX(Zt,t)dt, Vit € [0, 1], Zy = Xo. (9)
0

. Z ={Z;:t€[0,1]} FrAdw X % F6ERR-

FEB 3.3. Assume X is rectifiable and Z is its rectified flow. Then Law(Z;) = Law(X;) for
vt € [0,1].

Proof.

TR E AR NESE AR h: R - R, B

d

GER(X)] = E[VA(X))" X,] = E[VA(X;) o™ (X, 1)), (10)

HABATAT oX (X, t) = E[X3 | Xylo #EX, RXFENT m = Law(X,) AR FHEAH R
B o = oX (- t) ESHETTE:

7t 4+ V- (v¥m) = 0. (11)

10 11 11
RTEER (10) F1 (11) BIENEE, BATATRAH » LA (11) PIAEA

0= /h(m + V- () = /h7’rt — Vh o¥m = %E[h(Xt)] —E[Vh(X:) ToX (Xy,1)],
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11

HARTRAE SRS [ Y - (X)) = — [ VAT (06X 7).

HT Z, HHEFENEEY oX WKah, HB%5M Law(Z,) 2 RAER 77 B2 R0 FAE 0 9118 5% 1
(Zo = Xo)o I, Law(Z;) F1 Law(X;) BIEMIERNL, HE (11) AIMEMHE—, XRHE Kurtz [37) B9
#12 1.3 (20 Ambrosio and Crippa [1] EH 4.1) FNWT dZ; = vX(Zy, t) IRRIHE—M:, O

3.2 FHIKMEHEHT (Reducing Convex Transport Costs)

(Zo, Z1) BIEREUNTAKRT (Xo, X1) HNX—SFSB HRIRERME X, = tX1 + (1 — )Xo (KK
2RI IEER,

X 3.4, RS (Xo, X)) WABRBAITR X = X1+ (1 —1)Xo: t € [0,1]} THEA. M
HRZABETER. i, (9) P8 Z = {Z;:t € [0,1]} RABE (Xo,X1) WERR, €A
Z = RectFlow((Xo, X1)); (Zo, Z1) RA (X0, X1) G ERABE,1TA (Zo, Z1) = Rectify((Xo, X1)) -

EB 3.5. Assume (Xg, X1) is rectifiable and (Zy, Z1) = Rectify((Xo, X1)). Then for any convex

function c: R* — R, we have
E[C(Zl — Zo)] S E[C(Xl — XO)]

Proof.
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HERET Jonsen R RAIHEA R,
E[e(Z, — Zy)] = E B </01 vX(Zt,t)dt>] /RN Az = vX (Z, t)dt
X (7, 1) dt] JJe HITYHE, Jensen R
¢ (X (X0, t) dt] /)X, F1 2, BRI i

C(E [(Xl — Xo) ‘ Xt]) dt:| //UX H@lﬂi%

Elc (X1 — Xo)| X¢ dt] //c BN, Jensen AEEFR

E
1
= /0 Ele(X1— Xo)ldt  //E[E[(X1 — Xo)|X:]] = E[(X1 — Xo)]

= E[C(Xl —X())] .

Xy FEHEBERREER (B X, = Xy + B Xo, EF B =1-0ox Hé >0, MY c2
M H m-F IR (B c(ax) = |a|" c(z) WA a € Rz € RT FIFENEE m € (0,1, hE
Ele(Z1 — Zo)] < E[e(X1 — Xo)lo

3.3 FHEILXPL (The Straightening Effect)

— MG (Xo, X1) FENFE (BEER%R), WREZ Rectify () MNAITEIAN, RIFFEMEZE
ATHRY, RO HEE R FER, AT DU BUESK SR e — RIS, fEATH, BATEx.
R ERREHEATER, WIHME 2 FER S B HAMBEREMEZ, ARG, TATIERHZ
JFER RS SRR DA O(1/k) BEREH, HA b 2BmIE,
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ER 3.6. Assume (Xg, X1) is rectifiable. Let Xy = tX1 + (1 —t)Xo and Z = RectFlow((Xo, X1)).
Then (Xo, X1) is a straight coupling iff the following equivalent statements hold.

1. There exists a strictly convex function c: R — R, such that E[c(Z1 — Zo)] = Ele(X1 — Xo)].
2. (Xo,X1) is a fized point of Rectify(-), that is, (Xo,X1) = (Zo, Z1).
3. The rectified flow coincides with the linear interpolation process: X = Z.

4. The paths of the linear interpolation X do not intersect:
1
V((X0, X1)) = / E 1% - Xo -~ E[X1 - Xo | Xi]|I?] at =0, (12)
0

where V((Xo,X1)) = 0 indicates that X1 — Xo = E[X1 — Xo|X¢] almost surely when t ~
Uniform([0, 1]), meaning that the lines passing through each Xy is unique, and hence no linear

interpolation paths intersect.

Proof.

3521 B

3.5

1 — 4 % Ele(Z1 — Zp)] = Ele(X1 — Xo)], EH 3.5 IEBHHFEIF A Jensen A5 2R FH # 2 B
Ho B ¢ ™M, 5= Jensen FERNHESHKERA X1 - Xo =E[X1 — Xo | X X X
t ~ Uniform([0,1]) JL-PFAAERGZ, MM V(X) = 0,

453 HV(X)=0, ¥se(0,1]F [j(X1—Xo)dt = [JE[X1 — Xo|X;]dt = [ v (Xy, t)dte HItE

t t
X =Xo+ / (X1 — X(])dt = Xp+ / UX(Xt,t)dt.
0 0

9

KN z W HER TR (9), HENE—EE X = Z,
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\

IERNTR, SN RN, BRMEAERETE, ME S E LR HEZE,

EH 3.7, Let Z¥ the k-th rectified flow of (Xo,X1), that is, Z¥t1 = RectFlow((Z§, ZF)) and
(28, 79) = (Xo, X1). Assume each (ZE,Z¥) is rectifiable for k=0,..., K.

Then

K
> S(Z5) + V(2§ 28) <E[I1X1 - Xl -
k=0

A, # E[| X1 — Xo] < 400, W ming<x(S(Z%) +V((2§, ZF)) = O(1/K)s
Proof.
TEER 3.5 BRERAFER c(x) = |||, F&ATA] DS E

EflIX1 = Xolll = E |21 = Zo|[] = 5(Z) + V((Xo, X1))- (13)

MNP N ERE

E [Hzf - Z(’fm —E [Hzfﬂ - ng“m = S(ZMY) + v (28, 28)).
Xt k=0,..., K i telescoping KFFZIZE R,

3.4 FEHMA SIS (Straight vs. Optimal Couplings)
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ME (Xo, X1) FEN &L, WREAERERAEMHFEIIG D MRS HEI Ele(X) — Xo)] B/
. FMHHERIMEE —ERRMERIEEEL (Bl 51, 2, 15, 50, FEMEE D NFI
IR, 1E R, BV FEMER R ¢ B e-mRER R ZEAETE 40, BT —4EE
o, FEYEROL NSRS, B, KEFEMS A S, MK Rt S E IR,

EP 3.8. If a rectifiable coupling (Xo, X1) is c-optimal for some strictly convex cost function c,
then (Xo, X1) is a straight coupling.

Proof.
3.6

% (Z(), Zl) = Rectify((Xo, Xl))o P (X(), Xl) pies C-E%'fjtﬁg, PAEE] E[C(Zl - ZQ)] = E[C(Xl — Xo)]o
XN TR 3.6 85 1 4%, W (X0, X)) FHE, O

MNF R EMERE mo,m, FAEME—FE (X5, X)) ArEIERRINTERE c RINRTE XS
JE PRV PR R — I TSR RUER (20, 21) B (), o), i w0 < xfy, W 2 < oo H—
W, #i mo A Lebesgue MEANTZESE, W (X5, X7) DAUEHENER, BIFEEME T: R — R {#5
X;=T(X3)o WU [65]s

£~ H, BMER R LR FERESHEEREME (X, X)) BEE, WY ny BXESN, F
BREEMHE—HXAD c RIN&EM. 72 R b, MEHRIES B HAMBERE MR —XIEZ
T ERE BRI,

5|88 3.9. A coupling on R is straight iff it is deterministic and monotonic.

EM 3.10. For any mo, m1 on R, there exists either no straight coupling, or a unique straight coupling.
Further, if exists, the unique straight coupling is deterministic and monotonic, and jointly optimal

w.r.t. all convex cost functions c: RY — [0,400) for which the minimum value of E[c(X] — X))
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exists and is finite.

Proof of Lemma 3.9.

i R B (Xo, X1) 2 FEK, WeES5HEREE (20, 21) = Rectify((Xo, X1)) EE. 1H (Zo, Z1)
MBI dZ, = vX(Z,, t)dt B, BCRRZMEIER, HMNAREA MR AN, B, 7
(Zo, Z1) EYE, MISCHEPTETE (20, 21) (20, 21) R 20 < 20 1H 21 > 2]0 WAEFEA to € (0,1)
15 2y = 2,0 (HEMBRIME—YE, Xt >t B 2 =2, FJh,

3.6

R (Xo, X1) 2WEEHRER, HREME, TFEE v, o) 78 mo AR 20 # 2 BRE
Mt < 1H 4, = zho MM X1 — Xo = E[X1 — Xo | X¢] = vX (X, t) Xt € (0,1) B3z, BP
dX; = (X, — Xo)dt = v ( Xy, t)dt BEERIAMN ODE, 22 X, &% ODE WME—#, RIEEHE 3.6
% 3%, (Xo, X1) "ERHYE, O

Proof of Theorem 3.10. 3.9

XES I 3.9 MM S 2R EMATAED ¢ (HEIUMEEE) BERIUIX —F AR SRS
R, W [05] B51EE 2.8 MIEE 2.9,
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H—77H, 1R (d>2) b, TRNRNEE c ~RARE-DPRHRNRMHE, FEMET
RIEEACRER o; XA, KN Rectify(-) P MREIT ¢ FWRFEIEEE, KL, S4B K
Rectify(-) B PAEHOE MBS BATRIE co

ERIEMTAE [30) B, BAHEN VP ODE (Fi#h DDIM) FESFWHEE (20, Z1) KT kIR
ARIUARE, (HIXB (30, 78] WEBU R, 1EIXH, FATVRREMEEERME WA RIERT, B
VP ODE ##& & FEEKZ,

BAHES — WL TS TBBEERGA AR -RIMEHITAE [12] PRRIX—5L KRE [12] AJE
BHRRE—MEFZ, KT AU () = || MEAHEE A DUESR Rectify(-) MARE)FUEH],
# v BRFEIEEEIDE K v(2,t) = V(2,t)e K v RFCIEEGEER T HET oX FEORIE
RITHIBERS 70 &

3.5 ZEY EBER 5% ODE (Denoising Diffusion Models and Probability
Flow ODEs)

FATUERH [73] HAYMEZRFE ODE (PF-ODE) RIHIN (6) HAYAELZME Rectified Flow, HHA X; =
X1 + Bif.o TATE RN B LY RS PF-ODE FEERE, TEMAOBICH S W E 4G ik
[73, 23, 706
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R HOT @IS AN ) W, IR SDE AR S A plufsi Al

dUt = b(Ut,t)dt + Utth, U(] ~ T0, (14)

14

HAr 642 0,1] — [0, +00) 52 GEE NEER) 5 HUREL, b ZRrTIZRAIIHZMLE, WIta310 mo ZRT
HEEBESEOERNIRE m i, 107 AR EAR  Ee A 8ot (22 Ornstein-Uhlenbeck
(OU) &) KEdEgE (o) miafh, RERAERY BOIRE (14) B98I RN A
T8 [e.g., 3o

ARNIES AT, [73] H VE. VP, sub-VP SDE Xf b HJIIIZRIAL AT G -

2

1
) o
mm/ E [wt lv(Vi, t) — Yt”% dt, Vi = au Xy + Biés, Yy = —mVy — ﬂfﬁt, (15)
v Jo

Hrb & BWRE & ~ N(0,1) BT HOIE, n, o0 BRIZESEFI, o, B B g, 00 BIELITR

AMRE:
oy = exp </1 n5d5> , Bf = /1 exp <2 /S nrdr> Jgds. (16)
t t t

16

(16) FHIXRAEHSFIF N, 15 Vi = Viey = a1-4 X1 + B14& B8 Ornstein-Uhlenbeck (OU) &
AV, = m_Vidt + 01 dWio

31



VE SDE W1 [71, 72] HfJ SMLD, HX 1 =0 K oy = 1o (sub-)VP SDE Bl n, A s BIZRIE
i, M2 (7) HEIHEEL oo VP SDE G/ T DDPM [23)) BUny = — 507, HINTHE of + 872 =1
(UL (8)), 7E DDPM H, #RH b(z,t) = —mpw — %tje(:v,t) HIEK, HA e 2HEMLE, M (Vi,t)
PRI &4o

14 15

MIIS BV, (14) KRR (15) B9 SDE FEM Uy = ap Xy + Boo FIAILEY, LRIEISE] Law(Uh) =
Law(X1) = 715 3 agX1 < Bolo B, AIEALLA Uy ~ B&oo

14
15
HMIH Fokker-Planck JiRMIERT, [73, 70] MEEH]: (14) HH (15) JIZKAT SDE AL A RFAH ]
8% 514l ODE:

- 1
dZ, = b(Z, t)dt, with  b(z,t) = i(b(z,t) —mz), starting from Zy = Uy = ao X1 + Boéo.

(17)
14
14 17
Ztiith, TUEE b AR DU AR IR R A
o [ E vit)— 7| Vi = ;X Voo pvi Ot 18
Hlvln/o [thU( i t) — t’u ; p = o X1+ Bi&s, t = =1t t—ﬂfu (18)

X5 (14) UL Y; FTEZE 1/2 REL EEMMENAE (14) 1 (17) RAFFEGER Zo = Uy =
a0 X1+ Bo&o MKAZ,

18
16

NEUERH (18) AT NAEZRE Rectified Flow BiR (6), HH Xy = Xy + B, €~ N(0,1)0 FE
TAERFIA (16) HINKRTEE o M o, WA Y; FMTF Xio

i 3.11. 8% (16) Rz . W (18) FHT (6)> £ F Xy = X1+ Bl
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Proof.
18 6

B, ERENFTANZ ¢t ATEL & = ¢, KN & FIMEREIREmaER, F V, = Xy = e X1 + Biéo
HUERH (18) 5 (6) MI%ME, RERIE X, = Y;:

2
% It

Yy = —n Xy + 257 (0 X1 — Xy)
2

= i (X1 + i) + 55

=~ X +<—'B +”t2>5

= —nagAl NPt 28,

w qe X1 + Big

= X;.

16

steprte D ARIIT = — 8 BT o = 267 (& — &), SKEEHEAIA (16) HES ik, O
4 MRIFEHIIE (Related Works and Discussion)
GAN [19, 4, 43], VAE [32] 1 (BSEUS R ARUEILTR [62, 13, 14] SRIREEA SRR = Fh 127 5

Jiiko

GAN AR ERAE (Rl EBAER), BRI T SEGATRE MR AR,
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VAE FIFRIEALTTEREE T B R BRI T (MLE) J53, RSN 5 AL SR ECR - kA
USRI UR T R RIAT M VAE S8 6 S S il o A 022 o il ol AR e I 2SR i
RIRI TR A2,  FFFRACEE & STHOAE AT ERAR PRI

RIAER Reflow (BHE) + MW7 ERME VG RP BN S — A AR AVBRAE, BRRLE T
GAN BRI, s 7R ORTTTAR A R TP A,

2.3

¥ ML ODE AMZLFERZ: 6 2.3 e PF-ODE/DDIM /5%, PAK [0] (Y&
F MLE B975.

o RARAMUAT ik -

£ [6] H, #%4 ODE @I & AMNZ] ¢ =1 4t ODE &5 Zy fE8IEM0 m1 TAMRRIIZRA L
AL, BRHD, 295Kk E o RO, @8 PART5EfETH ODE dZy = v(Z;, t)dt BIMERTER v:

max D(71; p»™), (19)
v

Hr D(; -) R KL fUE (EHEHMERER), pvm™ BN Zy ~ mo BIE dZ, = v(Z;, t)dt 132K
Zy WEE; m FWEEMIZEH B S TiHE,

34



HIHI BN B AR, [0] WERE#Z ODE YA L B AN bR L i E 5 TR, HICFRx
RIGERIIMZTR, AHIXAR MLE 753200 KRBT RS AR S &, FE NIRRT ERE
AL ODE, [t4h, MLE BILCIIRE TR RSN (R S FIfe %, & 5% 7 A1 B T R sl KB IRT,  BRAFAN
NG HIIENHE,

19

19

—MRAMBET (19) FWZ ODE MLE 7EHIS EAE DAfEME—#, K8 MLE N2 R%
A 72y SRR m BITES, TR SEERE — it ODE BIRA TS 2%, NRIRIX—IA]
M, A2 TEREMAENRIT GQnETERAT ) SRImGFEREEEE; W [54, 55 M
ANIENMETS, MLE 22|/ ODE 2 HARLEIZEIIPIE A H i S 8 X E,

o WLE R ODE-

PF-ODE [73] 1 DDIM [70] /7 i&326E 72> ODE (9% —&%1%, 8% T MLE FikMEEHS,
A B SRIRTHE. JIZRENT ODE BRI DA B5 I (] )R MUE IR I TR 22, KT, A9 PF-ODE
1 DDIM 2 AEN S EE 21 L /SDE BAIRTE]™ St S kA, BRI BRI A
SR EHZRAME Z, JELME Rectified Flow HEZEFRAH, ODE 223 A] ADMKE G N E
AT, (HBRATREASIAIZRIE Rectified Flow FURITEIG ML, FHEd RiG, WERRIGRERZ X, F19)
GaoT A mo ERERIR R — P HISGH 75 1Al

35



M—REAELME Rectified Flow HEZE, MLE BUTHEMIFEIGHERIE AT ABOIUEE, RO ERATAT DU 45
EFRERLZ X, FULHE ODE MIZZIH” #127, mARIERZERER M e, MitisetE
B8 X, fEHIe ERAKE), FAME ODE 1ENERBRLZ RS HRT: 24 o ZEAELESE
mo ARSI, SEEEEENREILG X, Z) 2] DUE UL 731, Rectified Flow A&
RET N X, I (e S A 2k,

BRARTAEREREIRT2%3) ODE, {BET8AEVERMBR [71-71) IRy BlR &% (DDPM)
(23] BIMESCMER R, FO9Ef1/2 PF-ODE 1 DDIM RYELAt, FHIX2E 5 I ZRAIY 1 /SDE &EUAE
FE & R BRI AL EAREE 7 GAN [12], EfERRE, [ Tie ]y RISy

NgRidis, ¥ AR C RN T RIBSOR B ERAERR, BUS 7 NHEHERIZE R (40 53, 61, 64]
B BIEADIUR, GO (A0 24, 02, 21]0 BOR [D1 BN 33, 40, 60] MISCA [41, s8],

AN BRI EESS (97, 0]

ISR A0t 25 e RIS R A PR PRI LT A — RIS KA SCiR{A &R,  Hrh PF-ODE/DDIM J5 7518
K SDE #24 ODE KAM#EAIZREERE— DM+, PEAIZE—EIE TR, 275 RER
HRFE M,

o KMV AHEIE .
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—RTAEBO T R AU R AHERR AR A A, filan, [54] $2i 17 DDPM HJ#5 TR BB L,
PABGHEACUR, SRR R B R, [20] RGTHAGHLY BE AT T 23 A, I8 SEIERT IRk H
T Z I ZRFIHERRTT 28 DABRAS B 4F A2 BB R AT /D HERAED B, [04] 1R T BB 38 R A
ae T PERAL, [10] N PF-ODE 241 7@ HlHI Mk igas. 5] G 7RI BEREEIEI TG T,

o LA EEL

5 — AR RIE R USRS GAN AH AR A RIS SR A, DDPM ZX08 [17] 8 R A%
BRI BB KT — R YIS GAN FRANEAER, #Mry R ER (TDPM) [99] IZE—4

GAN FERIWEN mo, FEYBOIRE AT ORI DR il REUBARTE [15, 18] PHERR, 18] 12T
BB ZIB 0. (08, 89, 81] FEMBHEZS AR 22 3 R BUB AR H 5 280 B gmpd astHEE &

IXEETTIEA AT REMY 2| Rectified Flow HRAFRISSSACLHTIIEIN S
o dF B xt B 15 2 B A2 809% -
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PRER MY BN PF-ODE J5iARE TR &R (ro) ERMEEHE (r) WAERES. EAFZ
TR H D HIE R HE R IR- HARSUEON < MR EEE . B4, SDEit [50] @I Sex A AR
IR, B IR SDE BRALRMR SR ARG S SHERER, [3] {8t 7 —HM5ERK
5% DDPM WA pOd iR TAENZERGASERE KR, [75] FIHMZ: PF-ODE, —#KRE
BIEMBEER, H—FNELEMEERER, (07 IRHERT /7%, AMIIZRRIR- HbrER
PEHES SDE HEF DIGH R, Mz, BAAINESSRIGUSR &5 a] DOEE A B B 542K
B R RERKEL, NFRE mo BONTRIU,

o I H#A .

BRIEH—L TAE [57, 44] FREHZE MR BUSR 38 -2 (8] AT DA {5 FH 76 2R B %0 8] 215N 80 s i
PEFE RS ESERTG, XEERY BOT R E A EIE YR, 7E Song et al.
(73] HrEIMRIE I IS RS T RIS, XA AR HIEIE Doob MY A ZBHASZER, 40 [57, 44] R, &
—MEHIFERORTE [14, 00] IR, RERITZEEEY R, — PDAREZ I8 NI W Wiy

R, XA AERA PR, RO B8R AR 2 AL 7 TR A =5 26 1S B b P g
XTI TR R BN R L, IS RERY A, BdTTH TAERAR R B L N g dr . Fx
AR AR A DAY R PAOVAES] SDE WA IR IR R S

o BTFM

K IAE [37, 11, 7, 2] FIFBEEENT (SB) 1EN AV BUCERRIR) ) — 512, IXETTIATE
B EAKS1D, BAERAREE S REUT TR 7 EART RPN,
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P ROEFRHIGINEBOANNEREE, RNEERDTIRNHES HREIEM (73, 23], &M, EH
Rectified Flow BEPAG ODE HEZUASE4F B S RIZEIR, T ROHLHI B 1F A R 245 200 S AL AN B A
i S RO P A AL R P AR H R, XM BRI ) A 2 T R i B ELAROE OB LI Ry
MZRERE, X0 T GAN RUAMREM B R BRIV ER, MR R E A 5,

REABAI TAERIA%: S ODE IEH# A SDE TH, T RIAIBUEX T4 2 nEUE N 1% > ODE
2 SDE, @A Z W TAFIRUER [73, 70, 29], EH M IZWEF ODE MidFE SDE, Nz ODE #l
SDE Z [AIAYIFAXS b,

o B % P A B3 T -

SDE 7e4i’# FEEE %, HEHEFEE, ODE REUERIILL SDE B S AIEE P,
o BRI T

Xt ODE #ATHIAF S AR BFEEA S, fHEEZ N, SDE RIRRISIE (40 3, 22, 17] fEFIE EEE
7%, AIRETEHHE BT,

o HAEZTRH .
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ODE WHE (Zo, Z1) BHAEMER, £ Rectified Flow 180 N EAEHARMN, HIH NRRFIRIE
R At 7 RUFREBEZ R, 5IAY R EE (2, 2,) BREPL, BB, EFr L, DDPM
[23] A1 [73] B SDE £tHi (Zo, Z1) XEHERRICH

o NHBE .

15 18

AHBEEMHE]IZE ODE HIZRIL=MFEII %0 i) SDE A, WMRAZERZATIE: MAPEN
WIS I Z ARG, (HEEMR EARE, £ (73] BiErh, MM EKEE (15) M1 (18) 1£
MRS ER ST,

o RILRET -

an [70, 73] HRIECRATR (I [31]), &4 SDE #Rr] AN BAMIRIL %734 ODE, Kt
ODE X#R/RiA% 145 SDE —HESRAR, IXIERA TAEA5 ERIE s SRR e, 5 —J7m,
QnIR TR S EE RN RIAH A4, SDE AIREE MLk,

o AT FKIE .

LALLM LRSI, ODE AU A T AL RAERIE L, IXREGRISORSE AT Fhgl
M BARR AN M B, MHEEZ N, H SDE @BURMEEER, 752408 KT B LAS |
JeirrE L, XSBHHEZENES RN T, SDE A RETE R RANZETT 745 = s U,
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PAR K P PRY RO AR U (AN =400 S,

RIUERAEN S EIPER ZRR, 2 HEMERRNEZ A AT K M FARLTIES
FERIEHmLT I, — 5% BRI T R REI R IMUATE ¢ ERRN Elc(Z) — Zo)] NRILHAE
(Zo, Z1)o FE LI R AN () = |-

R, RERMAES, FlEXN TR4EESNE, R ERERE, IR 8 hgan
[67, 34, 35, 49, 63, 10], 1A, BARCHRIMEBA RIFFDCEEMEAMENER, (HA K
RERMAES, FOERAN S DAlRER A S RG22 —8%; WHlhn (34,

3.4

M2, AT Reflow WEKBIELRE S, XNAER ¢ M5 FHARRM (W 3.4 1), MHRIEHE
BRI, FTE BESMEERMEL, FOVENTER £ HLR Rectified Flow, [l AT DAFI B BRI
51V

5 9% (Experiments)

BATE ST Reflow HEILEMIF BRI, Z)E, BARREEZR Reflow, Rectified Flow £
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CIFAR-10 bIXFIRISEHAIMERE, AL, EIEREE S PRREG SRS LA RS ERIR. BEt
FIFEIBA R, BATRIZTT IR A T AR BB BG5S DA SR e B I Boxt

1

BATEIEETE 1 PO, BATMIHEL (X0, X1) ~ mo x m FFUE, F@EER/IME (1) F2IE—
Rectified Flow Z's 55 = Rectified Flow Z? JEIAHEERRERE, R TEIEESRANE —D
Rectified Flow Z' IS EIN (7§, Z]) BHEL XDMIREE b RG] k-8R R (k-rectified
flow) ZF, JJg, BATRILUBTE (ZF, ZF) B TG, M—28 k- RR (k-rectified
flow)  Z* FEBBNBAISHIRY 21 = 20 + v(20,0)0

ERINEUL R, ODE R HEHS K 1/N Fl N BB 7 EATER, B Zyy = Z, +
v(Z,t)/N, H ¢ € {0,...,N}/No BAVEH Scipy I 5 By (4 BY) Jekg-FERS 77 1% [s0], idh
RK45, TARYEFH 48T AR AL 25 22 B IE M HRE D KA E N, fERRATRISRSH, Tl 1E
185 [73] HRIRZEL

5.1 BHHBIF (Toy Examples)

2.3.4.5 5

N TREFH B IEC R, ROMER 2, 3, 4, 5 WBLEHI TSR oXh (2, 1) (5). 1E
S, TN ELEARE IR (5) FRIRIEE: LM (Xo, X1) HIREOREAR (o0, 20y, Tl
S AR R oY

Xhp, ) o 2y — = NORNG ()
v (z,t) & Z g Wh ZL’t, )/ thact, , z =tz)” + (1 —t)zy’,

i€knn(z,m) i€knn(z,m)
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where knn(z, m) denotes the top m nearest neighbors of z in {,r/') }i. We find that the results are not sensitive
to the choice of m and the bandwidth h (see Figure 7). We use h = 1 and m = 100 by default. The flows are
simulated using Euler method with a constant step size of 1/N for N steps. We use N = 100 steps unless

otherwise specified.

Heb knn(z,m) #7278 {2} HIRT m DNEIEAS, FRATEZBIG A m HOERERIHE b REUR
(LB 7)o BATBIAGE b =1 0 m = 100, ERRBTIER N PRIESD K 1/N B, il
/N =100 %, BRAESH UM,

Alternatively, vX can be parameterized as a neural network and trained with stochastic gradient descent

or Adam. Figure 7 shows an example of when v~ is parameterized as an 2-hidden-layer fully connected
neural network with 64 neurons in both hidden layers. We see that the neural networks fit less perfectly with
the linear interpolation trajectories (which should be piece-wise linear in this toy example). As shown in
Figure 7, we find that enhancing the smoothness of the neural networks (by increasing the L2 regularization

coefficient during training) can help straighten the flow, in addition to the rectification effect.

E, o ATASEACNRE ML B RN RREE Adam HETIIZR. B 7 2R T34 o 2%
Loh 2 BRERIZ. MANREES 64 MEETTH EERME RSB 1. FATE R ML 54
PR EPUEIELE R 5ER ERX DA GIFHNIZR m BREMR) . WE 7 R, BATZIHER
MAMLEHFIETE CEIEENZRARNAN L2 IENMERED rIDAFBIFEMR, BR TR 2 5h,

1-BE i 2- BRI 3R 1-EEi 2B 3B

T U 3 @4 l

Il o
=
™ v <
—
=
o

N
\
’

583K

7: Rectified flows fitted with neural networks trained with different L2 penalty (left), and kernel estimator
with different bandwidth h (right). my: red dots; m1: purple dots. JEIEAIE L2 SR M2 818 1

Rectified Flow (/£), PANAIEFSE b BIAGTHES (). mo: 4Lal; m: £Bal

In Figure 3 of Section 2.2, the straightness is calculated as the empirical estimation of (3) based on the

. . . . . (2) (7) . /O 7
simulated trajectories. The relative transport cost is calculated based on {z;’, z; ' }I*.; drawn from (Zy, Z;)
2

n () _(2) (%) (1)
“~“1 “0

by simulating the flow, as = >° 2 2y

(%) . . . .
, where z; 7 is the optimal L2 assignment

1=1

- (2) . . . ‘ . (2) T
of ,:(,/ obtained by solving the discrete L2 optimal transport problem between {,:'(‘,1 b and {:%')}. We should
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16 2.2 FME 3, SPEMHIESIHOETE N (3) LR, HXMER M IR T ]
T (Zo, Zy) B {200, 2 e, R %z;;l] ‘_ \ A 017 g 60
BB {20} f1 {20} 2 RRESE L2 BB 2 RRAR L2 S0, MIZEEIE,
XA RAAEARGE G, FOTE SR, BV o BOLEIRENIMEMZS, S TH o,
BRIR USG5 0] T DDIM P74 L2 SR E i s i,

ZY) . z(()i) . z(()z

5.2 JeFfFEISE K (Unconditioned Image Generation)

FATHE CIFAR-10 12 @ PR EHESE EINR Rectified Flow #{TIESFEER AR, @i Fréchet
HIUEEEES (FID) FI#IG 4 (IS) RN EIGRIFE, PANIE A B9 BOEA A4 AT E %
SRR, T 58]0

N T AR, BATRE mo IREEHT N, ™ ABIED M, FAIH Rectified Flow KB
T [73] BTHEARDIE R, AR DDPM++ #Y U-Net 2289 [73] RETRER X, FHEL 1 (a)
FIE 8 FR S BATIR 75 A0 [73] Y (sub) -VP ODE ff FIAHFIZEMT 45 5, {58 FH AN TR] W0 268 24
A HEAERITEERAER 1 (b) FESHEoR, BRI E A] DIERT %R EE]

1
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— - ik BRIV (NFE) (1) #8658 (S) (1) FID (1) Al Recall) (1)
Jiik BRECRERE (NFE) (1) #4658 1s) (1) FID (1) Al (Recall) (1) LA RAR (GAN) rYTYy

F#r 74 (ODE) Fy AR (RERRE, N=1) 1 8.22 217 044

1-Rectified Flow (+ #44) 1 1.13 (9.08) 378 (6.18) 0.0 (0.45) StyleGAN2 [25] 1 9.18 8.32 0.41

2-Rectified Flow (+ #48) 1 8.08 (9.01) 12.21 (4.85) 0.34 (0.50) StyleGAN-XL [66] 1 - 1.85 047

3-Rectified Flow (+ #%4) 1 8.47 (8.79) 8.15 (5.21) 0.41 (0.51) StyleGAN2 + ADA [2¢] 1 9.40 2.92 049

VP ODE [73] (+ #4) 1 1.20 (8.79) 451 (16.29) 0.0 (0.29) StyleGAN2 + DiffAug [95] ! 940 579 0.42

sub-VP ODE [73] (+ #4) 1 1.21 (8.80) 451 (14.82) 0.0 (0.35) TransGAN + DiffAug [20) ! o0 0% on

= = # UNet 92 RALAS (GAN)  BPAERK

#8742 (ODE) TEMI (EH-EH 5% (RKY5), BERE N) TDPM (T=1) T 50 ol 010

1-Rectified Flow 127 9.60 2.58 0.57 Z BRI (T=1) [01] 1 8.93 146 0.19

2-Rectified Flow 110 9.24 3.36 0.54 FHa A (ODE) Y P AR (RERAR, NoD

3-Rectified Flow 104 9.01 3.96 0.53 DDIM Zif [17] 1 0.51

VP ODE [73] 140 9.37 3.93 0.51 NCSN++ (VE ODE) [73] (+ &%) 1 0.0 (0.0)

sub-VP ODE [73] 146 9.46 3.16 0.55 a7 it (ODE) REBI A EE %

btk s 74 (SDE) SEHAEI (BRAERME . N=2000) NCSN++ (VE ODE) [7] 176 0.56

VP SDE [71] 2000 9.58 2.55 0.58 ML 7 42 (SDE) TEARI (B KME)

sub-VP SDE [73] 2000 9.56 2.61 0.58 DDPM [23] 1000 948 3.21 .57
NCSN++ (VE SDE) [73] 2000 9.83 2.38 0.59

(a) H DDPM++ ZEHIHIZER, (b) SCERHR & A R RIS RS R

CIFAR10 &
FHEBAERIEE R, Fréchet #FIGREEE (FID) MG 74 (1S) 2 REGHNRE, BE2E [358] s
ZHEME, PRECRIEXREL (NFE) Fon e A a]E H EhE M kgL, X+ ODE #l SDE &3, ©5EE
5 N —#,

o TERME ODE 694K - YR 1 (a) IR, £ DDPM++ 2289 ElIZRAY 1- 885 RK45 K,
TERTE AT ODE W75 AR FID (2.58) Mix&mMIARME (0.57). KislE, 0.57 KA
{EAHEEIA R ODE Ml GAN J5 {74 7St aysiott, MR RK45 ODE K#8%, Rectified
Flow ftt VE. VP, sub-VP ODE 75 % HE/ DA HERAEKE G, 451G 2REELE (sub) -VP
SDE 1Y, J&#& AR,

Reflow Reflow 1-Rectified Flow 2-Rectified Flow

1-Rectified Flow |

0.061

Straightness
<)
1)
w
o
Pixel Value

2-Rectified Flow
3-Rectified Flow

0.057

o
-
o
-

8 0 10 20 30 40 50 60
Number of Training Iterations (x10%) t t

K&l 9:

CIFAR10 EWSEEMRIN,
A[E Reflow #HHAIZRIEAR _EREE M E &,
1 i FENURAERIG ZEIRE - 2- B
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sub-VP ODE VP ODE €)= VE ODE sub-VP SDE=>< = VP SDE === 2-Rectified Flow == 3-Rectified Flow Q N=1 [J N=2 X N=3
=6~ 1-Rectified Flow =~ 2-Rectified Flow =£)- 3-Rectified Flow Y 1-Distilled Y 2-Distilled % 3-Distilled

Reflow Reflow Reflow Reflow
10 2075 0511 i
1 1
0.54 i i
1 1
S 6 —_ 1 _ 1 1
8 T 8101} F04(! !
= 5} =
a Zo.4s o | . & | '
s o 1 1 6o 1 I
¢ 8 '
| : 031! i
3 0.42 1 1 : :
! 411 | Y Y
1 10 100 1000 1 10 100 1000 0 10 20 30 40 50 60 0 10 20 30 40 50 60
Number of Steps (log) Number of Steps (log) Number of Training Iterations (x10%) Number of Training Iterations (x10%)
N g N N N
(a) FID FIAENE vs. BB EELSE N (b) FID 1B EHE vs. YIZRER

(a) Rectified Flow 1 (sub) -VP
ODE 7t CIFAR10 ERI&ER, BAERNFEEE N BWRH B 8, (b) F Reflow FIIZRA B H 1
FID MAENE, 7E (a) H, k-%18 (k-Distilled) FEM k-% 7R (k-Rectified Flow) ZEMR RS He
k=1,2,3,

o VR F A ML R . WK 8 VR, Reflow i

B/ NS IREIE AR (Flan, NS80) REFUGH FID MG EME, R TEAD B EHOERL 745 H
ARG v* IRZ R, B 8 (b) BB Reflow 1£ FID A EMEHE SR WAS0H, X+
BB (N =1), GRIBEZAME—PEA (WE 8 (a) THIEER), SRR, ZKIMAY k-2
it (k-Rectified Flow) HA1 k = 1,2, 3 PR A B TIRATE Z Bl 208/ ODE; &1l
WAT T GAN YIZREIEA L U-Net RBIZEHGH) PRI S5 4558 (AR 1 (b) FHEY #
U-Net &£ st M % (GAN with U-Net))o

99 91

Fylsh, ZEMR 2-BOmimisg] FID O 4.85, FTIWT

RIFPEHIN RS U-Net ZERE ARG, 8.91 (TDPM, & 1 (b)), 2-Fim (0.50) F1
3B (0.51) WA ENEERED T GAN WRGFEHIER (0.49 RH StyleGAN2+ADA) EB/R T
ZREMEIME. NIZIERRZ, GAN FRESRESHRIREABAT T4k, BEIEN S5
AetEsE (ADA) [28], MFRMIMLERERT Rectified Flow BRI, fRA]AEIEITIE Y rEE RS
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SRR Rectified Flow, B( GAN B&5E, W1 TDPM [09] FIERRY BA BSOS HiMIZE [01]
P

10

e Reflow F EALR - 9 &/~ Reflow IIFETE CIL-

FAR10 FBE/DBGH TimAFENE. EE 10 Al T 1B 0mimmn 2- B mimfe AFHQ JEdESE -
(S : (D 2, BAVE 28 = 2 + (1 — t)v(ze, t) HEWT t = 1 LMNLIRIE; 15R ODE R
INEELZ, SIREHEFRRRIRREN, MR ¢ B, 20 MIZASEE, BATHEE 20 T 2%
WL ¢ ok, BRRERILTHREN, AN, B -Bmm R BN, 2 fERENEL, ©
TIRAEAR BRI (¢ ~ 0.1) FAERIHBIRIEM I E G, MHkZ T, M sub-VP ODE USMETRZ
t ~ 0.6 A REFIFIEMTYEIE,

11

11 ®oR T 1-BE e BRAE L ES RAE & 7

R (256 x 256) FHESE E, 945 LSUN Bedroom [93]. LSUN Church [93]. CelebA HQ [27] %
AFHQ Cat [9], FATATAEFIERETE R FEIESE AR ESRENER, B 1/ 10 8R 1- (2-)
BEMIMAE— N L BRBE W= AR G 4 R

12

B 12 BoR 7 —NMEH 18R A ) 5 B G gw i1
T BATECEEPHEN D B REGH LT RSAEBREG 2, ReRiaT 1- Bk
BEAD 200 BATTERIGIE 20 KIIIIELE mo PHIIR (HOW NV (0,1) DIRSESEIGEARE
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1-Rectified Flow

I
H..l

0 0.01  0.025 0.1 0.5 1 t

2t

sub-VP ODE 2-Rectified Flow
R LNt S U. It ¥

04 0.6 1t 0 0.01 0.025 0.1 0.5 1 t

B 10: Sample trajectories z; of different flows on the AFHQ Cat dataset, and the extrapolation 2! =

2zt + (1 — t)v(ze, t) from different z;. The same random seed is adopted for all three methods. The ,ﬁ of
2-rectified flow is almost independent with ¢, indicating that its trajectory is almost straight. AFHQ %
E EARIRAIFEARBUE 2, DASCRERE 2, BIIME 21 = 2 + (1 — t)v(ze, t)o FTA=AT7TER M FERIRE
MR, 2B 28 TS ¢« ok, RFHEPE) L2 ER.

LR AL A,

5.3 53K (Image-to-Image Trans-

lation)

Assume we are given two sets of images of different styles

(a.k.a. domains), whose distributions are denoted by mg, 71, respectively. We are interested in transferring
the style (or other key characteristics) of the images in one domain to the other domain, in the absence
of paired examples. A classical approach to achieving this is cycle-consistent adversarial networks (a.k.a.
CycleGAN) [100, 25], which jointly learns a forward and backward mapping F, G by minimizing the sum of
adversarial losses on the two domains, regularized by a cycle consistency loss to enforce F(G(x)) = x for all

BRia e AR NASHIEBE S (3R AFTUR),
Hofinhlich mo, mo BATKIEIRBERARNEARE T, RK— PSR EGXEE (80

fSRBERFIE) TR 5 — U, SIHTTTIRR I —BOSHIMLS (CycleGAN) [100, 25], ‘B[R
FHIFEMR ARG F, G, (@I R/MEPDSUS_ERDS URRZM, IR —BUE R TIE

48



N
] V
e

©) S Bedroom

B 11: B BRI AE R 256 x 256 EGAHE|T,

(A) LSUN Church (B) CelebA HQ

Crossover

Image 1

- b :
2 = azg + V1 — a2¢ with € ~ N(0,1)
B 12: An example of image editing using I-rectified flow. Here, we stitch the images of a white cat and
a black cat into an unnatural image (denoted as z7). We simulate the ODE reversely from z; to get the
latent code zp. Because z1 is not a natural image, zo should have low likelihood under g = N(0,1).
Hence, we move zy towards the high probability region of my to get z{ and solve the ODE forwardly to
get a more realistically looking image z{. The modification can be done deterministically by improving the
mo-likelihood via z(| = azp with a € (0, 1), or stochastically by Langevin dynamics, which yields a formula
of 2l = azg VL= ol with &~ N0 1) —DMER 1- BRI E G aRER . X8, TATE—Daadbf
— RO EGIHER D EB ARG (2N 20)0 BN 20 RIAEIL ODE ZRIGELENRD 200 KN 2
NEEHRENR, 20 MIZAE mo = N(0,1) TAEMUIAR, Hitt, FAIEE 2 F17 mo KSR XKEERTT 2 A
AR ODE IR1FE LB RARAIEG 21 BRI DUEE S mo-RBIE 2) = azo HA a € (0,1) FENE
HW5ERL, BB Langevin 31 ERENEISERL, HE 2) = azo + V1 — 26 H ¢ ~ N (0,1) AT
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(A) ¥ — B4 (B) B4 — W (C) MetFace — CelebA ¢ (D) CelebA & — MetFace

B 13: B 1-BRIRAE AR B N = 100 A HIREA,

st 1B 2B 1B 2- B
N =100 N =100 N=1 N=1

B 14: 1-BERFA -2 N =1 f1 N = 100 BB S5 RAEA,

nite, DARRATEEIR = e F(G(z)) ~ o

By constructing the rectified flow of 7y and 7, we obtain
a simple approach to image translation that requires no adversarial optimization and cycle-consistency
regularization: training the rectified flow requires a simple optimization procedure and the cycle consistency

is automatically in flow models satisfied due to reversibility of ODEs.

JBIIMNE 79 1 71 BY Rectified Flow, FHASE|—D

fal B A R B TT 1%, EREITRPURAMIIEA — B LR, IZR Rectified Flow {XFR R ERILIL
W, T ODE BRI, FEI—BUEAEmRAI 1S BLE 3 2.

As the main goal here is to obtain good visual results,

we are not interested in faithfully transferring Xo ~ mg to an X; that exactly follows 7. Rather, we are

interested in transferring the image styles while preserving the identity of the main object in the image. For
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BAIH L BRI IR R A0

R Xo ~ mo SERFEHHLBERZ)™FENE 7 19 X1 AR, BAIREREEGH EZN RIS 0T
fie, FIRIEZEGXRS B, FAREGIBEEREN, BMEEE M ELIANERSK,
HA5RE” BRRE [RaE .

NEIIX—R, & h(z) NEB o WRERS, R

RBMEEITBONAE, 2 X, = X+ (1 - )Xoo W H, = h(Xy) WREEMD T dH, =
Vh(X:) T (X1 —Xo)dto ATHRXIE IEFRIER, AR S o 18 H] = h(Z,), B dZ, = v(Zy, t)dt,
RATBEIERL Hyo BT dH] = VA(Z) To(Zy, t)dt, FRAHREE/ME DL Rk :

1 2
min/ E [HVh(Xt)T(Xl — Xy — U(Xt,t))H2:| dt, Xy =tX1+(1-t)Xo.  (20)
0

v

20

TESBRIT, TS h(o) B — A SBER R,
5P H BRI NHINIE ImageNet $U [77) #0H, FATRAPI IR w0, m PIE G, EI,
Vh(x) FENTEIER, FHABCLRE, (3% (20) POTSIETRETIN o 2k B E B RIRE,
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1-Rectified Flow
7 VARG
-

-

2—Rectiﬁe Flow

0 1t 0 1t

(a) ARIGURIANERLAT 1 0H1 2 DEEFURBUEFEG] (b) MetFace — B 1 IXF1 2 JEEIRIMPULFEA,

15: 1- and 2-rectified flow trajectories z; for transferring between different domains. (a) Shows transfers
between different domain pairs: (b) Shows MetFace — Cat transfer. 1 (R 2 (REEFRIRAE A R UK A TR IS
HIEE 2 FEB, (o) R RGUEN RIRTIER; (b) R MetFace — JHHIIER

BATIIK 70, 71 B AFHQ [9]. MetFace [28] Fl
CelebA-HQ [27] BHREHIECK . X F M EHRSE, TAIBEILES: 80% TENIZhEdE, HARMEN
e, A REE NIAEBHR ORI IZRAT R R, AR EBAEE] 512 x 512, IZRAIRIZS
FCERRIENE 5.2 TIRUSLIRIRE, TRAIHIA W%,

2 (Results) Figure 1, 13, 14, 15 show examples of

results of 1- and 2-rectified flow simulated with Euler method with different number of steps N. We can see
that rectified flows can successfully transfer the styles and generate high quality images. For example, when
transferring cats to wild animals, we can generate diverse images with different animal faces, e.g., fox, lion,
tiger and cheetah. Moreover, with one step of reflow, 2-rectified flow returns good results with a single Euler

step (N = 1). See more examples in Appendix.

B 1. 130 14, 15 FoR T RWHTIRDARD N

R 1 kA 2 BRI AE R Bl BATa] DB BIEE FIA AE WS TR WU A4 il = B R
fan, REERRIE LIRS, AT DAERBA AN FESIRRI AR, IV, . ZRM
1% A, 21—k Reflow (B, 2 RKEEMMAERDINIY (N = 1) MIRERIS RIS R,
EEZNVIDNG S

5.4 YIKHAIEM (Domain Adaptation)
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REAL RS 57 TN FH - B S ] Y 5% -k A2 I 2R A
EHR R Z RS RFS : S eSS YIZREA R AT U A, Flas SRR ERErTRE R T
W, BRI TRFIUR (o) IEBZINGRGUR (1) DARREIUSRImAE KI5

FATE 2 D EHE 5 I EE I A e A T iU B 3&E N,

DomainNet [58] &K H DomainBed [20] HJ7N PN FIFUSRA) H WA R EHEH. DomainNet HIfIH
QUEALE 345 DPARIEG (D), WFHE, WL BFIRIES, Office-Home [33] 2 H IE R K
BERUEE, B8 4 N, S0N0EE 65 B, M HBMIMTTIE, & ERATRIZRATT
IREHELES BIFZRAR A R G R B TBTE RO, HTEBTE RN EAE R, FA 1 A AE R
DDPM++ BARIZRA R TI1SR, VHERE, TS ERLR R By 100, 757RIEAE
N ZrEsdim_EVIZRAY 73 FARD RS T E 1 RS B TP

2

W3R 2 FioR, 1 IR RIRAE DomainNet f1 OfficeHome
FEER T AR, BT EE ZHiEE 7% (Deep CORAL [76]) M2, RN AA HAM
TIEA RO,
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Method ERM IRM ARM Mixup MLDG CORAL Ours
OfficeHome | 66.5+0.3 64.3+2.2 64.8+03 68.1+03 66.8+0.6 68.7+0.3|69.2+0.5
DomainNet | 40.9+0.1 33.9+28 355+0.2 392+0.1 41.24+0.1 41.5+0.2 | 41.4+0.1

= 2
HAARREFELE OfficeHome 1 DomainNet #IESE
ERTBMAEARIRE S, B AR R R E A PERE,
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Bk 2% &R

IA AR EY
for x0, x1 in Data:
Optimizer.zero_grad()
t = torch.rand(batchsize)
Loss = ( Model(t*x1+(1-t)*x0, t) - (x1-x0) ).pow(2).mean()
Loss.backward ()

Optimizer.step()

R[ERE

Bk 3 RiF (KB, %Ki

coupling = []
for x0, _ in Data:
x1 = model.0ODE_solver(x0)
coupling.append((x0, x1))
1[@] coupling

A FAMEEANYY (Additional Experiment Details)

BAMEFH CIFAR-10 BUBSEATICEMAFEGA K [30]. BURZHFRILEDN 32 x 32, T Rectified
Flow, AR5 DDPM-++ MHIRIRIMIZEEEH (73], MegIIZhfilE s8R0y (EMA) i [73],
A0 0.999999, FATER Adam ks [31], 3N 2e —4, Dropout EEAITN 0.15,
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L 4 Reflow (BB
# HIN: Data={x0, x1}

# Wil B K RERBARE
Coupling = Data
for k=1,...,K:

Model = Train(Coupling)
Coupling = sample(Model, Data)
Iz[@] Coupling

N=1 N=2 N=3 N=1 N=2 N=3
I |
VE ODE | i | —
.'--'.-. 1-Rectified Flow i'.r'..
| | " n_ul i
oo (] ORI R (1 —
| | .
e S
o A FAFeA

Bl 16: Few-step generation with different ODEs. Compared with VE,VP,sub-VP ODE, 1-rectified flow can

generate blurry images using only 1,2,3 steps. After one time of rectification, 2-rectified flow can generate
clear images with 1.2.3 steps. ANE ODE B0 AR b, 5 VE. VP, sub-VP ODE #tk, 1-fX Rectified

Flow XA 1. 2. 3 utaeAd BRI G, S —RER)E, 2-1X Rectified Flow 8/ 1. 2. 3 AERKIE MR
%,

sample t € {0,1/k,--- ,(k —1)/k} during fine-tuning, instead of randomly sampling ¢ € [0, 1]. Specifically,
for k = 1, we replace the L2 loss function with the LPIPS similarity [96] since it empirically brings better

performance.

X T Reflow, FATE ALK 400 TR (20, 21) FEFHEBIEE D, REXE i 1 Rectified Flow
BRI 300,000 19 E|2E (i + 1) fX Rectified Flow 8, Hf—5 XX 2E Rectified Flow %Y
AT ASZE D . WMEE i@ 1R Rectified Flow 3K715 k 25 EIMGAEAAY, A BENL R AL
te{0,1/k, -, (k—1)/k}, TMARBRNREEtc[0,1]o R, WT k=1, A L2 HIKHEE
By LPIPS AR [00], SEIRRAHIXREIRTS B 4T HIMERE,

Pl (% 3] P 45 T P 1) 92 5 P (Experiment Configuration on Image-to-Image Translation)
In this experiment, we also adopt the same U-Net structure of DDPM++ [73] for representing the drift
vX. We follow the procedure in Algorithm 1. For the purpose of generative modeling, we set my to be one
domain dataset and 7 the other domain dataset. For optimization, we use AdamW [45] optimizer with (
(0.9,0.999), weight decay 0.1 and dropout rate 0.1. We train the model with a batch size of 4 for 1,000

epochs. We further apply exponential moving average (EMA) optimizer with coefficient 0.9999. We perform
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ARSI FIFERH DDPM++ B U-Net &5#9 [73] SRERER T of, BATEMEEE 1 R N
HATARGUER, W rg H—DNIEEIEE, © AP —TEEIRE, AR FEH AdamW LA
[15], B 4 (0.9,0.999), EZER N 0.1, Dropout FLHIA 0.1, YNZRBARIRIH AN A 4, £ 1,000
™ epoch, HE—HNHRECH 0.9999 HHEEFSEI T (EMA) TUbas. FATRN ST Mis ¥
R, JEERN {5 x107%,2 x 10745 x 107°,2 x 107°,5 x 1076}, IEFFINZRIAR AR,

BAMEH AFHQ [9]. MetFace [258] #1 CelebA-HQ [27] #8555, AFHQ (Animal Faces HQ) &—
NI E IR, EE 15,000 5K 512 x 512 RN REREG, 720, WL =1
UK, DU 5,000 5K, MetFace WEE T 1,336 5K 1024 x 1024 7RI EFE PNG AKE(E,
PRI E Z AR, CelebA-HQ 2 30,000 3K 1024 x 1024 73R NG ES, FATREHIEE 80%
TERINZREE, RNEMEAIRE, I BIGAEHE 512 x 512,

BRI ZR A AdamW EAL2S [45], HEA/NA 16, IERIREL 50 k, 2£3FR 1074, NEZRN
0.1, f#H OneCycle [69] %> Z I,
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17: To visualize the latent space, we randomly sample zg and z; from N(0,T), and show the generated
nages of Voo Loz for e (001 ARTIMATBTESRE], FRATM N(0, I) HRENLRFE 2 F1 21, FHER
a € [0,1] B azy + VT — az FAEREIR,
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B 18: (a) We compare the latent space between Rectified Flow (0) and (1) using different sampling strategies
with the same random seeds. We observe that (i) both 1-Rectified Flow and 2-Rectified Flow can provide a
smooth latent interpolation, and their latent spaces look similar; (ii) when using one-step sampling (N = 1),
2-Rectified Flow can still provide visually recognizable interpolation, while 1-Rectified Flow cannot; (iii)
Distilled one-step models can also continuously interpolate between the images, and their latent spaces have
little difference with the original flow. (b) We composite the latent codes of two images by replacing the
boundary of a black cat with a white cat, then visualize the variation along the trajectory. The black cat
turns into a grey cat at first, then a cat with mixing colors, and finally a white cat. (¢) We randomly sample
& ~ N(0, 1), then generate images with a to examine the influence of o on the generated images. We find
a < 1 results in overly smooth images, while o > 1 leads to noisy images. (a) A M AR I RE LR,
AFEERAERME L8R 0481 1-fX Rectified Flow HTEES AL, WEEM: (1) 14881 24K Rectified Flow #FRE
RECFIRIEERE, BEZAMEEL, () EHARPRE (N =1 I, 2-fX Rectified Flow {5REFRFALH 1
FIRBIRIHEE, T 1-AAMT; (i) ZRRE SR R A R RESHEE, BESRSRGHRERR D (b)
FATTEIE F 8 4 SR AL SFORAL & W ok BURRTEAERD, SRJ5 AT MALTE OB AR 1L, BRI e i,
R RIREHERN, BIGZMENM. () BABEILREE ¢ ~ N(0,1), AW of MMIER, Kk o AR
ROERAIEM, Z50RM o < 1 SBEBIEFE, 1Mo > 1 WP=ARE,
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19: Sample trajectories z; of different flows on the CIFAR10 dataset, and the extrapolation 2! = z; + (1 —
t)v(z¢,t) from different z;. The same random seed is adopted for all three methods. The 2 of 2-rectified
flow is almost independent with ¢, indicating that its trajectory is almost straight. CIFAR-10 $E£E A
AR 2, DARMARRE 2, BIIME 20 = 20 + (1 — t)v(z, t)o =MOTIEEE M FERIREHLRN 7 2-18
Rectified Flow HJ 21 JLP5 ¢ Jo36, RAHPUSLT-REL,

21 — 29:RK45 21 = Z9:N=1 21 —> 20:RK45 21 = 29:N=1 2z — Zg:Distilled 21 — 29:RK45 21 — Z: Distilled
20 — 21:RK45 29 — Z1:RK45 29— Z;:N=1 25— 2;:N=1 25— 21:RK45 2y — Z;:Distilled Zg — 2: Distilled

1-Rectified Flow

2-Rectified Flow

B 20: We perform latent space embedding / image reconstruction here. Given an image z;, we use an
reverse ODFE solver to get a latent code Zy, then use a forward ODFE solver to get a reconstruction 2z; of
the image. The columns in the figure are reverse ODE solver (forward ODE solver). (i) Thanks to the
‘straightening’ effect, 2-rectified flow can get meaningful latent code with only one reverse step. It can
also generate recognizable images using one forward step. (ii) With the help of distilled models, one-step
cimbedding and reconstruction is significantly improved . FAEMHATIBE S B AT BGEL, 4T R%
z1, M 1A ODE KEEASEETERD 20, FEAHETA ODE KEZSHMSRIERIBIEN 2., EIF4509KkH ODE
K2 (Ffia) ODE Kfgds) o (i) B T FEMRY, 28 Rectified Flow XH—PRIADEEEREIAE
SCHITBHERD, WAREA — D alaS BAERATRAEIR, (i) (EBIZRIREY,  BPHR N EE A B E tt
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B 21: More results for image-to-image translation between different domains. The images in each row are
time-uniformly sampled from the trajectory of 1-rectified flow solved N = 100 Euler steps with constant

step size. AFEIYUSE G EGEIENE 2 4R, BITNERGEMNHESS KK N = 100 b2 09 1-4K
Rectified Flow FUZRHES5] I [E]RAEIF R,
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