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摘要

We present rectified flow, a surprisingly simple approach to learning (neural) ordinary differ-
ential equation (ODE) models to transport between two empirically observed distributions π0

and π1, hence providing a unified solution to generative modeling and domain transfer, among
various other tasks involving distribution transport. The idea of rectified flow is to learn the
ODE to follow the straight paths connecting the points drawn from π0 and π1 as much as possi-
ble. This is achieved by solving a straightforward nonlinear least squares optimization problem,
which can be easily scaled to large models without introducing extra parameters beyond standard
supervised learning. The straight paths are special and preferred because they are the shortest
paths between two points, and can be simulated exactly without time discretization and hence
yield computationally efficient models. We show that the procedure of learning a rectified flow
from data, called rectification, turns an arbitrary coupling of π0 and π1 to a new deterministic
coupling with provably non-increasing convex transport costs. In addition, recursively applying
rectification allows us to obtain a sequence of flows with increasingly straight paths, which can be
simulated accurately with coarse time discretization in the inference phase. In empirical studies,
we show that rectified flow performs superbly on image generation, image-to-image translation,

∗XL and CG contributed equally to this work.

1



and domain adaptation. In particular, on image generation and translation, our method yields
nearly straight flows that give high quality results even with a single Euler discretization step.

我们提出 Rectified Flow（整流流），这是一种出人意料地简单的方法，用于学习（神经）常
微分方程（ODE）模型，从而在两个经验观测到的分布 π0 与 π1 之间进行传输，进而为生成式
建模、领域迁移，以及其他各类涉及分布传输的任务提供一个统一的解决方案。Rectified Flow
的思想是：让 ODE 尽可能沿着连接 π0 与 π1 中样本点的直线路径行进。这一目标通过求解一
个简单的非线性最小二乘优化问题即可实现，且除了标准监督学习之外无需引入额外参数，因
而可以轻松扩展到大模型。直线路径之所以特殊且更受青睐，是因为它是两点之间的最短路径，
并且无需时间离散化即可被精确模拟，从而得到计算上高效的模型。我们证明：从数据中学习
一个 Rectified Flow 的过程（称为整流，rectification）会把 π0 与 π1 的任意耦合转化为一个新
的确定性耦合，且其凸传输代价可证明是不增的。此外，递归地施加整流，可以得到一列路径
越来越直的流；在推理阶段，即便使用较粗的时间离散化，这些流也能被准确地模拟。在实验
研究中，我们表明 Rectified Flow 在图像生成、图像到图像翻译以及领域自适应上都表现优异。
特别是在图像生成与翻译任务上，我们的方法给出近乎笔直的流，即便只用单步欧拉离散化也
能得到高质量的结果。

1 引言 (Introduction)

Compared with supervised learning, the shared difficulty of various forms of unsupervised learning is the lack
of paired input/output data with which standard regression or classification tasks can be invoked. The gist
of most unsupervised methods is to find, in one way or another, meaningful correspondences between points
from two distributions. For example, generative models such as generative adversarial networks (GAN) and
variational autoencoders (VAE) [e.g., 19, 32, 14] seek to map data points to latent codes following a simple
elementary (Gaussian) distribution with which the data can be generated and manipulated. Representation
learning rests on the idea that if a sufficiently smooth function can map a structured data distribution to an
elementary distribution, it can (likely) be endowed with certain semantically meaningful interpretation and
useful for various downstream learning tasks. On the other hand, domain transfer methods find mappings to
transfer points from two different data distributions, both observed empirically, for the purpose of image-to-
image translation, style transfer, and domain adaption [e.g., 100, 16, 79, 59]. All these tasks can be framed
unifiedly as finding a transport map between two distributions:

相比监督学习，无监督学习的共同难题是缺乏 配对的输入/输出数据，标准回归或分类任务难以适
用。大多数无监督方法的目标是在两个分布间找到有意义的对应关系。例如，生成对抗网络（GAN）
和变分自编码器（VAE）等生成模型 [e.g., 19, 32, 14] 将数据点映射到遵循简单初等（高斯）分布的
潜在编码，进而生成和操纵数据。表示学习基于这样的想法：足够光滑的函数可将结构化数据分布
映射到初等分布，进而赋予语义上有意义的解释，对下游学习任务有用。领域迁移方法在两个经验
观察的数据分布间寻找映射，用于图像到图像翻译、风格转移和领域自适应 [e.g., 100, 16, 79, 59]。
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这些任务都可统一视为在两个分布间寻找传输映射：

传输映射问题 (The Transport Mapping Problem) 给定两个分布 X0 ∼ π0, X1 ∼ π1 在 Rd

上的经验观察，找到一个传输映射 T : Rd → Rd（最好在某种意义上是好的或最优的），使得当

Z0 ∼ π0 时，Z1 := T (Z0) ∼ π1，即 (Z0, Z1) 是 π0 和 π1 的耦合（也称传输方案）。

Several lines of techniques have been developed depending on how to represent and train the map T . In
traditional generative models, T is parameterized as a neural network, and trained with either GAN-type
minimax algorithms or (approximate) maximum likelihood estimation (MLE). However, GANs are known
to suffer from numerically instability and mode collapse issues, and require substantial engineering efforts
and human tuning, which often do not transfer well across different model architecture and datasets. On the
other hand, MLE tends to be intractable for complex models, and hence requires approximate variational or
Monte Carlo inference techniques such as those used in variational auto-encoders (VAE), or special model
structures such as normalizing flow and auto-regressive models, to yield tractable likelihood, causing difficult
trade-offs between expressive power and computational cost.

根据如何表示和训练映射 T，已发展出多条技术路线。在传统生成模型中，T 用神经网络参数化，
通过 GAN 型极小极大算法或（近似）最大似然估计（MLE）进行训练。然而，GAN 已知存在数
值不稳定性和模式崩溃问题，需要大量工程投入和人工调参，往往难以跨不同模型架构和数据集迁
移。另一方面，MLE 对复杂模型往往难以处理，因此需要变分或 Monte Carlo 近似推理技术（如
变分自编码器中使用的），或特殊模型结构（如标准化流和自回归模型），以获得可处理的似然，导
致表达能力与计算代价之间的权衡困难。
Recently, advances have been made by representing the transport plan implicitly as a continuous time process,
such as flow models with neural ordinary differential equations (ODEs) [e.g., 6, 56] and diffusion models by
stochastic differential equations (SDEs) [e.g., 73, 23, 80, 11, 82]; in these models, a neural network is trained
to represent the drift force of the processes and a numerical ODE/SDE solver is used to simulate the process
during inference. The key idea is that, by leveraging the mathematical structures of ODEs/SDEs, the
continuous-time models can be trained efficiently without resorting to minimax or traditional approximate
inference techniques. The most notable examples are the recent score-based generative models [71–73] and
denoising diffusion probabilistic models (DDPM) [23], which we call denoising diffusion methods collectively.
These methods allow us to train large-scale diffusion/SDE-based generative models that surpass GANs on
image generation in both image quality and diversity, without the instability and mode collapse issues [e.g.,
12, 53, 61, 64]. The learned SDEs can be converted into deterministic ODE models for faster inference with
the method of probability flow ODEs [73] and DDIM [70].

最近的进展通过将传输方案表示为 连续时间过程，实现了突破。例如，带神经常微分方程（ODE）
的流模型 [e.g., 6, 56] 和通过随机微分方程（SDE）的扩散模型 [e.g., 73, 23, 80, 11, 82]。在这些模
型中，神经网络学习表示过程的漂移力，数值 ODE/SDE 求解器在推理时模拟过程。关键思想是通
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过利用 ODE/SDE 的数学结构，连续时间模型可高效训练，无需采用极小极大或传统近似推理技
术。最著名的例子是近期的基于分数的生成模型 [71–73] 和去噪扩散概率模型（DDPM）[23]，我
们统称为去噪扩散方法。这些方法使我们能训练大规模扩散/SDE 基生成模型，在图像生成的质量
和多样性上都超过 GAN，且无不稳定性和模式崩溃问题 [e.g., 12, 53, 61, 64]。学习到的 SDE 可通
过概率流 ODE（PF-ODE）[73] 和 DDIM [70] 方法转换为确定性 ODE 模型，加快推理。
However, compared with the traditional one-step models like GAN and VAE, a key drawback of continuous-
times models is the high computational cost in inference time: drawing a single point (e.g., image) requires
to solve the ODE/SDE with a numerical solver that needs to repeatedly call the expensive neural drift
function. In addition, the existing denoising diffusion techniques require substantial hyper-parameter search
in an involved design space and are still poorly understood both empirically and theoretically [29].

然而，相比 GAN 和 VAE 这样的传统单步模型，连续时间模型的一个关键缺点是推理时的计算代
价高：生成单一样本（如图像）需要用数值求解器求解 ODE/SDE，该求解器需重复调用昂贵的神
经漂移函数。此外，现有去噪扩散技术需在复杂设计空间进行大量超参搜索，且在实证和理论上理
解有限 [29]。
In existing approaches, generative modeling and domain transfer are typically treated separately. It often
requires to extend or customize a generative learning techniques to solve domain transfer problems; see e.g.,
Cycle GAN [100] and diffusion-based image-to-image translation [e.g., 75, 97]. One framework that naturally
unifies both domains is optimal transport (OT) [e.g., 85, 2, 15, 59], which endows a collection of techniques
for finding optimal couplings with minimum transport costs of form E[c(Z1 − Z0)] w.r.t. a cost function
c : Rd → R, yielding natural applications to both generative and transfer learning. However, the existing OT
techniques are slow for problems with high dimensional and large volumes of data [59]. Furthermore, as the
transport costs do not perfectly align with the actual learning performance, methods that faithfully find the
optimal transport maps do not necessarily have better learning performance [34].

在现有方法中，生成式建模和领域迁移通常单独处理。往往需要扩展或定制生成学习技术以解决领
域迁移问题；例见 Cycle GAN [100] 和基扩散的图像到图像翻译 [e.g., 75, 97]。一个自然统一两个
领域的框架是最优传输（OT）[e.g., 85, 2, 15, 59]，它提供一套技术用于找最小传输代价的最优耦
合，其形式为 E[c(Z1 − Z0)] w.r.t. 代价函数 c : Rd → R，自然应用于生成和迁移学习。然而，现
有 OT 技术对高维和大数据量问题求解缓慢 [59]。此外，由于传输代价与实际学习性能不完全对
齐，忠实寻找最优传输映射的方法不一定有更好的学习性能 [34]。

贡献 (Contribution)

We introduce rectified flow, a surprisingly simple approach to the transport mapping problem, which unifiedly
solves both generative modeling and domain transfer. The rectified flow is an ODE model that transport
distribution π0 to π1 by following straight line paths as much as possible. The straight paths are preferred
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图 1: The trajectories of rectified flows for image generation (π0: standard Gaussian noise, π1: cat faces, top
two rows), and image transfer between human and cat faces (π0: human faces, π1: cat faces, bottom two
rows), when simulated using Euler method with step size 1/N for N steps. The first rectified flow induced
from the training data (1-rectified flow) yields good results with a very small number (e.g., ≥ 2) of steps;
the straightened reflow induced from 1-rectified flow (denoted as 2-rectified flow) has nearly straight line
trajectories and yield good results even with one discretization step. Rectified Flow 轨迹用于图像生成（π0：
标准高斯噪声，π1：猫脸图像，上两行）和人脸与猫脸间的图像迁移（π0：人脸，π1：猫脸，下两行），采用
欧拉方法模拟，步长为 1/N，共 N 步。从训练数据诱导的第一个 Rectified Flow（1-整流流）即使只用少数
几步（例如 ≥ 2）也能获得良好结果；从 1-整流流诱导的平直化 Reflow（记为 2-整流流）具有近似直线轨
迹，即使仅用一步离散化也能获得良好结果。

both theoretically because it is the shortest path between two end points, and computationally because it can
be exactly simulated without time discretization. Hence, flows with straight paths bridge the gap between
one-step and continuous-time models.

我们提出 Rectified Flow，一个简明有效的传输映射问题求解方法，统一解决生成式建模和领域迁
移。Rectified Flow 是一个 ODE 模型，通过 尽可能跟随直线路径将分布 π0 传输到 π1。直线路径
之所以可取，一方面理论上因为它是两端点间最短路径，另一方面计算上因为它可不需时间离散化
精确模拟。因此，具有直线路径的流在单步和连续时间模型间架起桥梁。
Algorithmically, the rectified flow is trained with a simple and scalable unconstrained least squares opti-
mization procedure, which avoids the instability issues of GANs, the intractable likelihood of MLE methods,
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and the subtle hyper-parameter decisions of denoising diffusion models. The procedure of obtaining the
rectified flow from the training data has the attractive theoretical property of 1) yielding a coupling with
non-increasing transport cost jointly for all convex cost c, and 2) making the paths of flow increasingly
straight and hence incurring lower error with numerical solvers. Therefore, with a reflow procedure that
iteratively trains new rectified flows with the data simulated from the previously obtained rectified flow, we
obtain nearly straight flows that yield good results even with the coarsest time discretization, i.e., one Euler
step. Our method is purely ODE-based, and is both conceptually simpler and practically faster in inference
time than the SDE-based approaches of [23, 73, 70].

从算法上，Rectified Flow 用简单可扩展的无约束最小二乘优化过程训练，避免了 GAN 的不稳定
性、MLE 方法的难处理似然以及去噪扩散模型的微妙超参数决策。从训练数据获得 Rectified Flow
的过程具有吸引人的理论性质：1) 对所有凸代价函数 c 都产生非递增的传输代价，2) 使流的路径
越来越直，降低数值求解器的误差。因此，通过 Reflow 过程——迭代用先前得到的 Rectified Flow
模拟的数据训练新的 Rectified Flow——我们得到近似直线的流，即使只用一步欧拉离散化也能获
得良好结果。我们的方法完全基于 ODE，在概念上比基于 SDE 的方法 [23, 73, 70] 更简洁，推理
也更快。
Empirically, rectified flow can yield high-quality results for image generation when simulated with a very few
number of Euler steps (see Figure 1, top row). Moreover, with just one step of reflow, the flow becomes nearly
straight and hence yield good results with a single Euler discretization step (Figure 1, the second row). This
substantially improves over the standard denoising diffusion methods. Quantitatively, we claim a state-of-the-
art result of FID (4.85) and recall (0.51) on CIFAR10 for one-step fast diffusion/flow models [5, 48, 91, 99, 47].
The same algorithm also achieves superb result on domain transfer tasks such as image-to-image translation
(see the bottom two rows of Figure 1) and transfer learning.

实证上，用较少的欧拉步数（见图 1 上行），Rectified Flow 就能生成高质量图像。仅需一步 Reflow，
流即变得近似直线，用单个欧拉步就能获得良好结果（图 1 第二行）。这大幅改进了标准去噪扩散
方法。在单步快速扩散/流模型中，我们在 CIFAR10 上达到最先进的 FID（4.85）和回召（0.51）
指标 [5, 48, 91, 99, 47]。同一算法在领域迁移任务（如图像到图像翻译，见图 1 下两行）和迁移学
习上也取得优异结果。

2 方法 (Method)

We provide a quick overview of the method in Section 2.1, followed with some discussion and remarks in
Section 2.2. We introduce a nonlinear extension of our method in Section 2.3, with which we clarify the
connection and advantages of our method with the method of probability flow ODEs [73] and DDIM [70].

本节首先在 2.1 节快速概览方法，然后在 2.2 节给出进一步讨论和说明。2.3 节介绍方法的非线性
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(a) 线性插值

Xt = tX1 + (1− t)X0

(b) 由 (X0, X1) 诱导的 Rectified Flow Zt(c) 线性插值

Zt = tZ1 + (1− t)Z0

(d) 由 (Z0, Z1) 诱导的 Rectified Flow Z′
t

图 2: (a) Linear interpolation of data input (X0, X1) ∼ π0×π1. (b) The rectified flow Zt induced by (X0, X1);
the trajectories are “rewired” at the intersection points to avoid the crossing. (c) The linear interpolation
of the end points (Z0, Z1) of flow Zt. (d) The rectified flow induced from (Z0, Z1), which follows straight
paths. (a) 数据输入 (X0, X1) ∼ π0 × π1 的线性插值。(b) 由 (X0, X1) 诱导的 Rectified Flow Zt，轨迹在交
点处重新连接以避免交叉。(c) 流 Zt 端点 (Z0, Z1) 的线性插值。(d) 由 (Z0, Z1) 诱导的 Rectified Flow，沿
直线路径。

推广，澄清与概率流 ODE（Probability Flow ODE）[73] 和 DDIM [70] 方法的联系与优势。

2.1 方法概览 (Overview)

Rectified Flow（整流流） Given empirical observations of X0 ∼ π0, X1 ∼ π1, the rectified flow induced
from (X0, X1) is an ordinary differentiable model (ODE) on time t ∈ [0, 1]. The drift force v : Rd → Rd is
set to drive the flow to follow the direction (X1 −X0) of the linear path pointing from X0 to X1 as much as
possible, by solving a simple least squares regression problem.

给定 X0 ∼ π0, X1 ∼ π1 的经验观测，由 (X0, X1) 诱导的 Rectified Flow 是时间 t ∈ [0, 1] 上的常微
分方程（ODE）模型：

dZt = v(Zt, t)dt,

它将 Z0 从 π0 转换为服从 π1 的 Z1。速度场 v : Rd → Rd 的设计目标是推动流尽可能沿着从 X0 指
向 X1 的线性路径方向 (X1 −X0) 运动。这通过求解一个简单的最小二乘回归问题实现：

min
v

∫ 1

0
E
[∥∥(X1 −X0)− v

(
Xt, t

)∥∥2] dt, 其中 Xt = tX1 + (1− t)X0, (1)

where Xt is the linear interpolation of X0 and X1. Naively, Xt follows the ODE of dXt = (X1 − X0)dt,
which is non-causal (or anticipating) as the update of Xt requires the information of the final point X1. By
fitting the drift v with X1−X0, the rectified flow causalizes the paths of linear interpolation Xt, yielding an
ODE flow that can be simulated without seeing the future.
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其中 Xt 是 X0 和 X1 的线性插值。形式上，Xt 满足 dXt = (X1 −X0)dt，这是非因果的（或称预
见的），因为 Xt 的更新需要知道终点 X1 的信息。通过用 X1 −X0 拟合速度场 v，Rectified Flow
将线性插值路径 Xt 转换为具有因果性的流，得到可以无需观察未来而精确模拟的 ODE。
In practice, we parameterize v with a neural network or other nonlinear models and solve (1) with any
off-the-shelf stochastic optimizer, such as stochastic gradient descent, with empirical draws of (X0, X1). See
Algorithm 1. After we get v, we solve the ODE starting from Z0 ∼ π0 to transfer π0 to π1, backwardly starting
from Z1 ∼ π1 to transfer π1 to π0. Specifically, for backward sampling, we simply solve dX̃t = −v(X̃t, t)dt
initialized from X̃0 ∼ π1 and set Xt = X̃1−t. The forward and backward sampling are equally favored by the
training algorithm, because the objective in (1) is time-symmetric in that it yields the equivalent problem if
we exchange X0 and X1 and flip the sign of v.

实践中，我们用神经网络或其他非线性模型参数化 v，并用随机梯度下降等现成优化器求解 (1)
（利用对 (X0, X1) 的经验采样）。参见算法 1。得到 v 后，我们从 Z0 ∼ π0 求解 ODE 将 π0 转换
为 π1，或从 Z1 ∼ π1 反向求解将 π1 转换为 π0。具体地，对于反向采样，我们从 X̃0 ∼ π1 求解
dX̃t = −v(X̃t, t)dt，并设置 Xt = X̃1−t。前向和反向采样在训练算法中同等重要，因为 (1) 中的目
标函数关于时间对称，即交换 X0 和 X1 并翻转 v 的符号会得到等价问题。

流不相交 (Flows avoid crossing) A key to understanding the method is the non-crossing property of
flows: the different paths following a well defined ODE dZt = v(Zt, t)dt, whose solution exists and is unique,
cannot cross each other at any time t ∈ [0, 1). Specifically, there exists no location z ∈ Rd and time t ∈ [0, 1),
such that two paths go across z at time t along different directions, because otherwise the solution of the
ODE would be non-unique.

理解本方法的关键在于流的不相交性质：遵循定义明确的 ODE dZt = v(Zt, t)dt 的不同路径（该
ODE 有存在且唯一解）在任何时刻 t ∈ [0, 1) 都不能相交。具体地，不存在位置 z ∈ Rd 和时刻
t ∈ [0, 1) 使得两条路径沿不同方向在 z 处相交，否则 ODE 的解不唯一。
On the other hand, the paths of the interpolation process Xt may intersect with each other (Figure 2a),
which makes it non-causal. Hence, as shown in Figure 2b, the rectified flow rewires the individual trajectories
passing through the intersection points to avoid crossing, while tracing out the same density map as the linear
interpolation paths due to the optimization of (1). We can view the linear interpolation Xt as building roads
(or tunnels) to connect π0 and π1, and the rectified flow as traffics of particles passing through the roads in
a myopic, memoryless, non-crossing way, which allows them to ignore the global path information of how
X0 and X1 are paired, and rebuild a more deterministic pairing of (Z0, Z1).

相反，插值过程 Xt 的路径可能相互相交（见图 2a），这使其非因果。因此，如图 2b 所示，Rectified
Flow 在交点处重新连接各轨迹以避免相交，同时由于 (1) 的优化，保持与线性插值路径相同的密
度分布。我们可以将线性插值 Xt 看作建造连接 π0 和 π1 的道路（或隧道），将 Rectified Flow 看
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作粒子以短视、无记忆、不相交的方式通过这些道路，从而能够忽略 X0 和 X1 配对的全局路径信
息，并重建 (Z0, Z1) 的更确定性配对。

Rectified Flow降低传输代价 (Rectified flows reduce transport costs) If (1) is solved exactly,
the pair (Z0, Z1) of the rectified flow is guaranteed to be a valid coupling of π0, π1 (Theorem 3.3), that is,
Z1 follows π1 if Z0 ∼ π0. Moreover, (Z0, Z1) guarantees to yield no larger transport cost than the data pair
(X0, X1) simultaneously for all convex cost functions c (Theorem 3.5).

若 (1) 精确求解，则 Rectified Flow 的配对 (Z0, Z1) 保证是 π0, π1 的有效耦合（定理 3.3），即当
Z0 ∼ π0 时 Z1 服从 π1。此外，(Z0, Z1)对所有凸代价函数 c同时保证给出不大于数据配对 (X0, X1)

的传输代价（定理 3.5）。
The data pair (X0, X1) can be an arbitrary coupling of π0, π1, typically independent (i.e., (X0, X1) ∼ π0×π1)
as dictated by the lack of meaningfully paired observations in practical problems. In comparison, the
rectified coupling (Z0, Z1) has a deterministic dependency as it is constructed from an ODE model. Denote
by (Z0, Z1) = Rectify((X0, X1)) the mapping from (X0, X1) to (Z0, Z1). Hence, Rectify(·) converts an
arbitrary coupling into a deterministic coupling with lower convex transport costs.

数据配对 (X0, X1) 可以是 π0, π1 的任意耦合，通常是独立的（即 (X0, X1) ∼ π0 × π1），这是由
于实际问题中缺乏有意义的配对观测。相比之下，Rectified 耦合 (Z0, Z1) 具有确定性依赖，因为
它由 ODE 模型构造。记 (Z0, Z1) = Rectify((X0, X1)) 为从 (X0, X1) 到 (Z0, Z1) 的映射。因此，
Rectify(·) 将任意耦合转化为传输代价更低的确定性耦合。

直线路径实现快速模拟 (Straight line flows yield fast simulation) Following Algorithm 1,
denote by Z = RectFlow((X0, X1)) the rectified flow induced from (X0, X1). Applying this operator recur-
sively yields a sequence of rectified flows Zk+1 = RectFlow((Zk

0 , Z
k
1 )) with (Z0

0 , Z
0
1 ) = (X0, X1), where Zk

is the k-th rectified flow, or simply k-rectified flow, induced from (X0, X1).

按照算法 1，记 Z = RectFlow((X0, X1)) 为由 (X0, X1) 诱导的 Rectified Flow。递归应用该算子
得到 Rectified Flow 序列 Zk+1 = RectFlow((Zk

0 , Z
k
1 ))，其中 (Z0

0 , Z
0
1 ) = (X0, X1)，Zk 称为第 k 个

Rectified Flow（简称 k-Rectified Flow）。
This reflow procedure not only decreases transport cost, but also has the important effect of straightening
paths of rectified flows, that is, making the paths of the flow more straight. This is highly attractive compu-
tationally as flows with nearly straight paths incur small time-discretization error in numerical simulation.
Indeed, perfectly straight paths can be simulated exactly with a single Euler step and is effectively a one-
step model. This addresses the very bottleneck of high inference cost in existing continuous-time ODE/SDE
models.
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算法 1 Rectified Flow: 主算法
过程: Z = RectFlow((X0, X1)):

输入：来自 π0 和 π1 的耦合 (X0, X1) 的采样；速度模型 vθ : Rd → Rd，参数为 θ。
训练：θ̂ = arg min

θ
E
[
∥X1 −X0 − v(tX1 + (1− t)X0, t)∥2

]
, 其中 t ∼ Uniform([0, 1])。

采样：从 Z0 ∼ π0 开始（或从 Z1 ∼ π1 反向）按 dZt = vθ̂(Zt, t)dt 采样 (Z0, Z1)。
返回：Z = {Zt : t ∈ [0, 1]}。

Reflow（可选）：Zk+1 = RectFlow((Zk
0 , Z

k
1 ))，从 (Z0

0 , Z
0
1 ) = (X0, X1) 开始。

蒸馏（可选）：学习神经网络 T̂ 以蒸馏第 k 个 Rectified Flow，使得 Zk
1 ≈ T̂ (Zk

0 )。

这一 Reflow（重整流）过程不仅降低传输代价，还具有平直化 Rectified Flow 路径的重要效应，即
使流路径逐步变得更平直。这在计算上极具吸引力，因为近似平直的路径在数值模拟中导致时间离
散化误差较小。实际上，完全平直的路径可用单步欧拉法精确模拟，实际上是单步模型，这解决了
现有连续时间 ODE/SDE 模型推理代价高昂的瓶颈问题。

2.2 主要结果与性质 (Main Results and Properties)

We provide more in-depth discussions on the main properties of rectified flow. We keep the discussion
informal to highlight the intuitions in this section and defer the full course theoretical analysis to Section 3.

我们对整流流的主要性质提供更深入的讨论。为突出本节直观的洞察，我们保持讨论的非正式风格，
将完整的理论分析推迟到第 3 节。
First, for a given input coupling (X0, X1), it is easy to see that the exact minimum of (1) is achieved if

首先，对于给定的输入耦合 (X0, X1)，容易看出 (1) 的精确最小值通过以下方式达到：

vX(x, t) = E[X1 −X0 | Xt = x], (2)

which is the expectation of the line directions X1 −X0 that pass through x at time t. We discuss below the
property of rectified flow dZt = vX(Zt, t)dt with Z0 ∼ π0, assuming that the ODE has an unique solution.

即通过 x 在时刻 t 的线方向 X1 −X0 的期望。以下讨论整流流 dZt = vX(Zt, t)dt 的性质，其中
Z0 ∼ π0，假设常微分方程有唯一解。

保边缘性 (Marginal preserving property) [定理 3.3] 对 (Z0, Z1) 是 π0 和 π1 的耦合。实际

上，在每个时刻 t，Zt 的边缘分布等于 Xt 的边缘分布，即 Law(Zt) = Law(Xt), ∀t ∈ [0, 1]。
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Intuitively, this is because, by the definition of vX in (2), the expected amount of mass that passes through
every infinitesmal volume at all location and time are equal under the dynamics of Xt and Zt, which ensures
that they trace out the same marginal distributions:

直观上，这是因为根据 (2) 中 vX 的定义，在所有位置和时刻通过每个无穷小体积的质量流入和流
出的期望在 Xt 和 Zt 的动力学下相等，确保它们保持相同的边缘分布：

流入与流出
( )

=流入与流出
( )

, ∀时刻与位置 =⇒ Law(Zt) = Law(Xt), ∀t.

On the other hand, the joint distributions of the whole trajectory of Zt and that of Xt are different in general.
In particular, Xt is in general a non-causal, non-Markov process, with (X0, X1) a stochastic coupling, and
Zt causalizes, Markovianizes and derandomizes Xt, while preserving the marginal distributions at all time.

另一方面，整个轨迹 Zt 和 Xt 的联合分布通常不同。特别地，Xt 通常是非因果的、非马尔可夫过
程，具有随机耦合 (X0, X1)，而 Zt 在保持所有时刻边缘分布的同时，对 Xt 进行了因果化、马尔
可夫化和去随机化。

降低传输代价 (Reducing transport costs) [定理 3.5]耦合 (Z0, Z1)对任何凸代价函数 c : Rd →
R，产生不超过输入 (X0, X1) 的凸传输代价，即 E[c(Z1 − Z0)] ≤ E[c(X1 −X0)]。

The transport costs measure the expense of transporting the mass of one distribution to another following
the assignment relation specified by the coupling and is a central topic in optimal transport [e.g., 84, 85,
65, 59, 15]. Typical examples are c(·) = ∥·∥α with α ≥ 1. Hence, Rectify(·) yields a Pareto descent on the
collection of all convex transport costs, without targeting any specific c.

传输代价衡量根据耦合指定的赋值关系将一个分布的质量传输到另一个分布所需的代价，是最优传
输的中心课题 [例如 84, 85, 65, 59, 15]。常见的例子是 c(·) = ∥·∥α，其中 α ≥ 1。因此，Rectify(·)
在所有凸传输代价的集合上产生帕累托下降，而不针对任何特定的 c。
This distinguishes it from the typical optimal transport optimization methods, which are explicitly framed
to optimize a given c. As a result, recursive application of Rectify(·) does not guarantee to attain the
c-optimal coupling for any given c, with the exception in the one-dimensional case when the fixed point of
Rectify(·) coincides with the unique monotonic coupling that simultaneously minimizes all non-negative
convex costs c; see Section 3.4.

这区别于典型的最优传输优化方法，后者明确针对给定的 c 进行优化。因此，Rectify(·) 的递归应
用不能保证对任何给定的 c 都能达到 c-最优耦合，除了一维情况，此时 Rectify(·) 的不动点与同
时最小化所有非负凸代价 c 的唯一单调耦合一致；见第 3.4 节。
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Intuitively, the convex transport costs are guaranteed to decrease because the paths of the rectified flow Zt

is a rewiring of the straight paths connecting (X0, X1). To give an illustration, consider the simple case of
c(·) = ∥·∥ when transport costs E[∥X0 −X1∥] and E[∥Z0 − Z1∥] are the expected length of the straight lines
connecting the end points. The inequality can be proved graphically as follows:

直观上，凸传输代价保证下降是因为整流流 Zt 的路径是连接 (X0, X1) 的直线路径的重新连接。为
说明此点，考虑 c(·) = ∥·∥ 的简单情况，此时传输代价 E[∥X0 −X1∥] 和 E[∥Z0 − Z1∥] 是连接端点
的直线长度的期望。不等式可用如下图解证明：

E[∥Z0 − Z1∥] = 长度
( )

(∗)
≤ 长度

( )
(∗∗)
= 长度

( )
= E[∥X0 −X1∥] ,

where
(∗)
≤ uses the triangle inequality, and (∗∗)

= holds because the paths of Zt is a rewiring of the straight
paths of Xt, following the construction of vX in (2). For general convex c, a similar proof using Jensen’s
inequality is shown in Section 3.2.

其中
(∗)
≤ 使用三角不等式，(∗∗)

= 成立是因为 Zt 的路径是 Xt 直线路径的重新连接，遵循 (2) 中 vX

的构造。对于一般的凸 c，类似的证明使用詹森不等式在第 3.2 节中给出。

Reflow、平直化与快速模拟 (Reflow, straightening, fast simulation) As shown in Figure 3,
when we recursively apply the procedure Zk+1 = RectFlow((Zk

0 , Z
k
1 )), the paths of the k-rectified flow

Zk are increasingly straight, and hence easier to simulate numerically, as k increases. This straightening
tendency can be guaranteed theoretically.

如图 3 所示，当我们递归应用过程 Zk+1 = RectFlow((Zk
0 , Z

k
1 )) 时，第 k 个整流流 Zk 的路径随

着 k 的增加而越来越笔直，因此在数值上更容易模拟。这种平直化趋势在理论上可以保证。
Specifically, we say that a flow dZt = v(Zt, t)dt is straight if we have almost surely that Zt = tZ1+(1− t)Z0

for ∀t ∈ [0, 1], or equivalently v(Zt, t) = Z1 − Z0 = const following each path. (More precisely, “straight”
here refers to straight with a constant speed.) Such straight flows are highly attractive computationally as
it is effective a one-step model: a single Euler step update Z1 = Z0 + v(Z0, 0) calculates the exact Z1 from
Z0.

具体而言，我们说流 dZt = v(Zt, t)dt是直的，如果对所有 ∀t ∈ [0, 1]几乎必然有 Zt = tZ1+(1−t)Z0，
或等价地 v(Zt, t) = Z1 − Z0 = const 沿每条路径成立。（更准确地说，这里” 直” 是指以常速运
动的直线。）这样的直流在计算上极具吸引力，因为它实际上是单步模型：单个欧拉步更新
Z1 = Z0 + v(Z0, 0) 从 Z0 精确计算出 Z1。
Note that the linear interpolation X = {Xt} is straight by this definition but it is not a (causal) flow and
hence can not be simulated without an oracle assess to draws of both π0 and π1. In comparison, it is non-
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(a) 第 1 个整流流 Z1

Z1 = RectFlow((X0, X1))

(b) Reflow Z2

Z2 = RectFlow((Z1
0 , Z

1
1 ))

(c) Reflow Z3

Z3 = RectFlow((Z2
0 , Z

2
1 ))

(d) 传输代价、平直性

图 3: (a)-(c) Samples of trajectories drawn from the reflows on a toy example (π0: purple dots, π1: red dots;
the green and blue lines are trajectories connecting different modes of π0, π1). (d) The straightness and the
relative L2 transport cost v.s. the reflow steps; the values are scaled into [0, 1], so 0 corresponds to straight
lines and L2 optimal transport; see Section 5.1 for more information. We use the non-parametric model in
(5) with bandwidth h = 0.1. (a)-(c) 玩具例子中从 reflow 采样的轨迹样本（π0：紫色点，π1：红色点；绿色
和蓝色线是连接 π0, π1 不同模式的轨迹）。(d) reflow 步数与平直性和相对 L2 传输代价的关系；值被缩放到
[0, 1]，其中 0 对应直线和 L2 最优传输；详见第 5.1 节。我们使用 (5) 中带宽 h = 0.1 的非参数模型。

trivial to make a flow dZt = v(Zt, t)dt straight, because if so v must satisfy the inviscid Burgers’ equation
∂tv + (∂zv)v = 0:

注意线性插值 X = {Xt} 按此定义是直的，但它不是（因果的）流，因此不能在没有预言机访问
π0 和 π1 的样本的情况下模拟。相比之下，使流 dZt = v(Zt, t)dt 笔直是非平凡的，因为如果是这
样，v 必须满足无粘伯格斯方程 ∂tv + (∂zv)v = 0：

d
dtv(Zt, t) = ∂zv(Zt, t)Żt + ∂tv(Zt, t) = ∂zv(Zt, t)v(Zt, t) + ∂tv(Zt, t) = 0.

More generally, we can measure the straightness of any continuously differentiable process Z = {Zt} by

更一般地，我们可以通过以下方式测量任何连续可微过程 Z = {Zt} 的平直性：

S(Z) =

∫ 1

0
E
[∥∥∥(Z1 − Z0)− Żt

∥∥∥2] dt. (3)

S(Z) = 0 means exact straightness. A flow whose S(Z) is small has nearly straight paths and hence can be
simulated accurately using numerical solvers with a small number of discretization steps. Section 3.3 shows
that applying rectification recursively provably decreases S(Z) towards zero.

S(Z) = 0 表示精确的直。平直性较小的流具有近似笔直的路径，因此可以用较少的离散化步数用
数值求解器精确模拟。第 3.3 节表明递归应用整流可以证明地将 S(Z) 减少至零。
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[Theorem 3.7] Let Zk be the k-th rectified flow induced from (X0, X1). Then mink∈{0···K} S(Z
k) ≤

E[∥X1 −X0∥2]/K.

[定理 3.7] 设 Zk 是从 (X0, X1) 导出的第 k 个整流流。则

min
k∈{0···K}

S(Zk) ≤ E[∥X1 −X0∥2]
K

.

As shown Figure 1, applying one step of reflow can already provide nearly straight flows that yield good
performance when simulated with a single Euler step. It is not recommended to apply too many reflow steps
as it may accumulate estimation error on vX .

如图 1 所示，只需应用一步 reflow 就可以提供近似笔直的流，即使用单个欧拉步模拟时也能产生
良好的性能。不建议应用太多 reflow 步数，因为这可能会积累 vX 的估计误差。

蒸馏 (Distillation) After obtaining the k-th rectified flow Zk, we can further improve the inference
speed by distilling the relation of (Zk

0 , Z
k
1 ) into a neural network T̂ to directly predict Zk

1 from Zk
0 without

simulating the flow. Given that the flow is already nearly straight (and hence well approximated by the
one-step update), and the distillation can be done efficiently. In particular, if we take T̂ (z0) = z0 + v(z0, 0),
then the loss function for distilling Zk is E

[∥∥(Zk
1 − Zk

0 )− v(Zk
0 , 0)

∥∥2], which is the term in (1) when t = 0.

获得第 k 个整流流 Zk 后，我们可以通过将 (Zk
0 , Z

k
1 ) 的关系蒸馏到神经网络 T̂ 中来进一步改进

推理速度，以直接从 Zk
0 预测 Zk

1，而无需模拟流。由于流已经近似笔直（因此由单步更新很好
地近似），蒸馏可以高效完成。特别地，如果取 T̂ (z0) = z0 + v(z0, 0)，则蒸馏 Zk 的损失函数是
E
[∥∥(Zk

1 − Zk
0 )− v(Zk

0 , 0)
∥∥2]，这正是 t = 0 时 (1) 中的项。

We should highlight the difference between distillation and rectification: distillation attempts to faithfully
approximate the coupling (Zk

0 , Z
k
1 ) while rectification yields a different coupling (Zk+1

0 , Zk+1
1 ) with lower

transport cost and more straight flow. Hence, distillation should be applied only in the final stage when we
want to fine-tune the model for fast one-step inference.

我们应当强调蒸馏和整流之间的区别：蒸馏试图忠实地近似耦合 (Zk
0 , Z

k
1 )，而整流产生一个不同的

耦合 (Zk+1
0 , Zk+1

1 )，具有更低的传输代价和更笔直的流。因此，蒸馏只应在最后阶段应用，当我们
想要微调模型以实现快速单步推理时。

关于速度场 vX (On the velocity field vX) If X0 yields a conditional density function ρ(x0 | x1) when
conditioned on X1 = x1, then the optimal velocity field vX(z, t) = E[X1 −X0|Xt = z] can be represented by

如果 X0 在条件 X1 = x1 下给出条件密度函数 ρ(x0 | x1)，那么最优速度场 vX(z, t) = E[X1 −
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X0|Xt = z] 可以表示为：

vX(z, t) = E
[
X1 − z

1− t
ηt(X1, z)

]
, ηt(X1, z) = ρ

(
z − tX1

1− t

∣∣∣∣ X1

)/
E
[
ρ

(
z − tX1

1− t

∣∣∣∣ X1

)]
, (4)

where the expectation E [·] is taken w.r.t. X1 ∼ π1. This can be seen by noting that X0 = z−tX1

1−t and
X1 −X0 = X1−z

1−t , when conditioned on Xt = z. Hence, if ρ is positive and continuous everywhere, then vX

is well defined and continuous on Rd × [0, 1). Further, if log ηt is continuously differentiable w.r.t. z, we can
show that

其中期望 E [·] 关于 X1 ∼ π1 求取。这可以通过注意到当条件 Xt = z 成立时，X0 = z−tX1
1−t 和

X1 −X0 =
X1−z
1−t 来看出。因此，如果 ρ 在任何地方都是正的且连续的，则 vX 在 Rd × [0, 1) 上是

良好定义且连续的。进一步，如果 log ηt 关于 z 连续可微，我们可以证明：

∇zv
X(z, t) =

1

1− t
E [((X1 − z)∇z log ηt(X1, z)− 1) ηt(X1, z)] .

Note that dZt = vX(Zt, t)dt is guaranteed to have a unique solution if vX is uniformly Lipschitz continuous
on [0, a] for any a < 1.

注意如果 vX 在 [0, a] 上对任何 a < 1 均匀李普希茨连续，则 dZt = vX(Zt, t)dt 保证有唯一解。
If X0|X1 = x1 does not yield a conditional density function, vX(z, t) may be undefined or discontinuous,
making the ODE dZt = vX(Zt, t)dt ill-behaved. A simple fix is to add X0 with a Gaussian noise ξ ∼
N (0, σ2I) independent of (X0, X1) to yield a smoothed variable X̃0 = X0 + ξ, and transfer X̃0 to X1 using
rectified flow. This would effectively give a randomized mapping of form T (X0 + ξ) transporting π0 to π1.

如果 X0|X1 = x1 不产生条件密度函数，vX(z, t) 可能未定义或不连续，使常微分方程 dZt =

vX(Zt, t)dt 行为不良。简单的修正是向 X0 加入独立于 (X0, X1) 的高斯噪声 ξ ∼ N (0, σ2I) 以得
到平滑变量 X̃0 = X0 + ξ，然后使用整流流将 X̃0 传输到 X1。这实际上给出了形式为 T (X0 + ξ)

的随机映射，将 π0 传输到 π1。

光滑函数逼近 (Smooth function approximation) Following (4), we can exactly calculate vX if the
conditional density function ρ(·|x1) exists and is known, and π1 is the empirical measure of a finite number of
points (whose expectation can be evaluated exactly). In this case, running the rectified flow forwardly would
precisely recover the points in π1. This, however, is not practically useful in most cases as it completely
overfits the data. Hence, it is both necessary and beneficial to fit vX with a smooth function approximator
such as neural network or non-parametric models, to obtain smoothed distributions with novel samples that
are practically useful.

按照 (4)，如果条件密度函数 ρ(·|x1) 存在且已知，且 π1 是有限个点的经验测度（其期望可以精确
计算），我们可以精确计算 vX。在此情况下，向前运行整流流将精确恢复 π1 中的点。然而，在大
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多数情况下这在实践中并不有用，因为它完全过拟合数据。因此，用神经网络或非参数模型等光滑
函数逼近器拟合 vX 既是必要的也是有益的，以获得包含实用新样本的光滑分布。
Deep neural networks are no doubt the best function approximators for large scale problems. For low
dimensional problems, the following simple Nadaraya–Watson style non-parametric estimator of vX can
yield a good approximation to the exact rectified flow without knowing the conditional density ρ:

对于大规模问题，深度神经网络无疑是最好的函数逼近器。对于低维问题，以下简单的纳达亚-沃
森风格的非参数估计器可以在不知道条件密度 ρ 的情况下对精确整流流产生良好的逼近：

vX,h(z, t) = E
[
X1 − z

1− t
ωh(Xt, z)

]
, (5)

where ωh(Xt, z) = κh(Xt,z)
E[κh(Xt,z)]

, and κh(x, z) is a smoothing kernel with a bandwith parameter h > 0 that
measures the similarity between z and x. Taking the Gaussian RBF kernel κh(x, z) = exp(−∥x− z∥2 /2h2),
then when h → 0+, it can be shown that vX,h(z, t) converges to vX(z, t) = E

[
X1−z
1−t | Xt = z

]
on points z

that can be attained by Xt (i.e., the conditional expectation E [· | Xt = z] exists. ).

其中 ωh(Xt, z) =
κh(Xt,z)

E[κh(Xt,z)]
，而 κh(x, z) 是带宽参数 h > 0 的平滑核，衡量 z 和 x 之间的相似性。

取高斯 RBF 核 κh(x, z) = exp(−∥x− z∥2 /2h2)，当 h → 0+ 时，可以证明 vX,h(z, t) 在能被 Xt 达
到的点 z 上收敛到 vX(z, t) = E

[
X1−z
1−t | Xt = z

]
（即条件期望 E [· | Xt = z] 存在）。

On points z that Xt can not attain, vX,h(z, t) extrapolates the value by finding the Xt that is close to z.
In practice, we replace the expectations in (5) with empirical averaging. We find that vX,h performs well in
practice because it is a mixture of linear functions that always point to a point in the support of π1.

在 Xt 无法达到的点 z 上，vX,h(z, t) 通过找接近 z 的 Xt 进行外推。在实践中，我们用经验平均替
换 (5) 中的期望。我们发现 vX,h 在实践中表现良好，因为它是总指向 π1 支撑中某点的线性函数的
混合。

2.3 非线性扩展 (A Nonlinear Extension)

We present a nonlinear extension of rectified flow in which the linear interpolation Xt is replaced by any
time-differentiable curve connecting X0 and X1. Such generalized rectified flows can still transport π0 to π1

(Theorem 3.3), but no longer guarantee to decrease convex transport costs, or have the straightening effect.
Importantly, the method of probability flows [73] and DDIM [70] can be viewed (approximately) as special
cases of this framework, allows us to clarify the connection with and the advantages over these methods.

我们提出 Rectified Flow 的一种非线性扩展，其中线性插值 Xt 被任意时间可微曲线取代，该曲线
连接 X0 和 X1。这类广义整流流仍能将分布 π0 传输至 π1（定理 3.3），但不再保证凸传输代价的
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减少，也不具备平直化效应。重要的是，概率流方法 [73] 和 DDIM[70] 可（大致）视为该框架的特
殊情形，这使我们能够澄清与这些方法的联系及优势。
Let X = {Xt : t ∈ [0, 1]} be any time-differentiable random process that connects X0 and X1. Let Ẋt be the
time derivative of Xt. The (nonlinear) rectified flow induced from X is defined as

设 X = {Xt : t ∈ [0, 1]} 为任意时间可微随机过程，连接 X0 和 X1。设 Ẋt 为 Xt 关于时间的导数。
由 X 诱导的（非线性）整流流定义为

dZt = vX(Zt, t)dt, 其中 Z0 = X0, 且 vX(z, t) = E
[
Ẋt | Xt = t

]
.

We can estimate vX by solving

可通过求解如下问题估计 vX：

min
v

∫ 1

0
E
[
wt

∥∥∥v(Xt, t)− Ẋt

∥∥∥2] dt, (6)

where wt : (0, 1) → (0,+∞) is a positive weighting sequence (wt = 1 by default). When using the linear
interpolation Xt = tX1 + (1 − t)X0, we have Ẋt = X1 − X0 and (6) with wt = 1 reduces to (1). As
we show in Theorem 3.3, the flow Z given by this method still preserves the marginal laws of X, that is,
Law(Zt) = Law(Xt), ∀t ∈ [0, 1], and hence (Z0, Z1) remains to be a coupling of π0, π1. However, if X

is not straight, (Z0, Z1) no longer guarantees to decrease the convex transport costs over (X0, X1). More
importantly, the reflow procedure no longer straightens the paths of Zt.

其中 wt : (0, 1) → (0,+∞) 是正加权序列（默认 wt = 1）。当使用线性插值 Xt = tX1 + (1 − t)X0

时，我们有 Ẋt = X1 −X0，(6)（wt = 1 时）退化为 (1)。如定理 3.3所示，该方法得到的流 Z 仍
保持 X 的边缘律，即 Law(Zt) = Law(Xt)（∀t ∈ [0, 1]），因此 (Z0, Z1) 仍为 π0, π1 的耦合。但若
X 非直线，则 (Z0, Z1) 不再保证相对于 (X0, X1) 凸传输代价的减少。更关键的是，Reflow 过程不
再能平直 Zt 的轨迹。
A simple class of interpolation processes is Xt = αtX1+βtX0 where αt and βt are two differentiable sequences
that satisfy α1 = β0 = 1 and α0 = β1 = 0 to ensure that the process equals X0, X1 at the starting and end
points. In this case, we have Ẋt = α̇tX1 + β̇tX0 in (6) where α̇t and β̇t are the time derivatives of αt and
βt. The shape of the curve is controlled by the relation of αt and βt. If we take βt = 1 − αt for all t, then
Xt have straight paths but does not travel at a constant speed; it can be viewed as a time-changed variant
of the canonical case Xt = tX1 + (1 − t)X0 when t is reparameterized to αt. When βt ̸= 1 − αt, the paths
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of Xt are not straight lines except some special cases (e.g., α̇tX1 = 0 or β̇tX0 = 0, or X1 = aX1 for some
a ∈ R).

一类简单的插值过程为 Xt = αtX1 + βtX0，其中 αt 和 βt 是两个可微序列，满足 α1 = β0 = 1 和
α0 = β1 = 0 以保证过程在起点和终点分别等于 X0 和 X1。此时，在 (6) 中有 Ẋt = α̇tX1 + β̇tX0，
其中 α̇t 和 β̇t 分别为 αt 和 βt 的时间导数。曲线形状由 αt 和 βt 的关系控制。若取 βt = 1−αt（对
所有 t），则 Xt 具有直线路径但不以恒定速度运动；它可视为标准情形 Xt = tX1 + (1− t)X0 的时
间重参数化变体（当 t 重参数化为 αt 时）。当 βt ̸= 1 − αt 时，Xt 的路径除了某些特殊情形（如
α̇tX1 = 0 或 β̇tX0 = 0，或 X1 = aX1（某 a ∈ R））外，不是直线。

2.3.1 概率流 ODE 与 DDIM (Probability Flow ODEs and DDIM)

The probability flow ODEs (PF-ODEs) [73] and denoising diffusion implicit models (DDIM) [70] are methods
for learning ODE-based generative models of π1 from a spherical Gaussian initial distribution π0, derived
by converting a SDE learned by denoising diffusion methods to an ODE with equivalent marginal laws. In
[73], three types of PF-ODEs are derived from three types of SDEs learned as score-based generative models,
including variance-exploding (VE) SDE, variance-preserving (VP) SDE, and sub-VP SDE, which we denote
by VE ODE, VP ODE, and sub-VP ODE, respectively. VP ODE is equivalent to the continuous time limit
of DDIM, which is derived from the denoising diffusion probability model (DDPM) [23]. As the derivations
of PF-ODEs and DDIM require advanced tools in stochastic calculus, we limit our discussion on the final
algorithmic procedures suggested in [73, 23], which we summarize in Section 3.5. The readers are referred
to [73, 70] for the details.

概率流 ODE（PF-ODE）[73] 和去噪扩散隐隐模型（DDIM）[70] 是从球形高斯初始分布 π0 学
习 ODE 型生成模型 π1 的方法。它们通过将去噪扩散方法学习的 SDE 转换为具有等价边缘律的
ODE 而得到。在 [73] 中，从三类 SDE（学习为基于分数的生成模型）推导出三类 PF-ODE，包括
方差爆炸（VE）SDE、方差保存（VP）SDE 和 sub-VP SDE，我们分别记为 VE ODE、VP ODE
和 sub-VP ODE。VP ODE 对应 DDIM 的连续时间极限，后者由去噪扩散概率模型（DDPM）[23]
推导而来。由于 PF-ODE 和 DDIM 的推导需要高等随机微积分工具，我们仅讨论 [73, 23] 中建议
的最终算法过程，这将在第 3.5 节总结。读者可参考 [73, 70] 了解详情。

[命题 3.11] 所有 PF-ODE 变体在使用 Xt = αtX1 + βtξ（某些 αt, βt 满足 α1 = 1, β1 = 0，其中

ξ ∼ N (0, I) 为标准高斯随机变量）时，都可视为 (6) 的特例。

Here we need to use introduce ξ to replace X0 because the choices of αt and βt suggested in [73, 70, 23] do
not satisfy the boundary condition of α0 = 0 and β0 = 1 at t = 0, and hence X0 ̸= ξ. Instead, in these
methods, the initial distribution X0 ∼ π0 is implicitly defined as X0 = α0X1 + β0ξ, which is approximated
by X0 ≈ β0ξ by making α0X1 ≪ β0ξ. Hence, π0 is set to be N (0, β2

0I) in these methods. Viewed through
our framework, there is no reason to restrict ξ to be N (0, β2

0I), or not set α0 = 0, β0 = 1 to avoid the

18



approximation.

我们需要用 ξ 代替 X0 是因为 [73, 70, 23]中建议的 αt 和 βt 选择不满足 t = 0时的边界条件 α0 = 0

和 β0 = 1，因此 X0 ̸= ξ。相反，在这些方法中，初始分布 X0 ∼ π0 隐式定义为 X0 = α0X1 + β0ξ，
通过令 α0X1 ≪ β0ξ 而近似为 X0 ≈ β0ξ。因此在这些方法中，π0 被设定为 N (0, β2

0I)。从我们的
框架看，没有理由将 ξ 限制为 N (0, β2

0I)，也没有必要设定 α0 = 0, β0 = 1 来避免近似。

整流流 VP ODE sub-VP ODE

(αt = t, βt = 1− t) (αt in (7), βt =
√
1− α2

t ) (αt in (7), βt = 1− α2
t )

1-Rectified Flow 2-Rectified Flow 1-Rectified Flow 2-Rectified Flow 1-Rectified Flow 2-Rectified Flow

图 4: Comparing rectified flow with VP ODE and sub-VP ODE when π0 = N (0, I) (purple dots) and π1

is a low variance Gaussian mixture shown as the red dots. The linear rectified flow yields nearly straight
trajectories with one step of reflow. But the trajectories of VP ODE and sub-VP ODE are curved and can
not be straightened by reflowing. 整流流与 VP ODE、sub-VP ODE 在 π0 = N (0, I)（紫色点）和 π1 为
低方差高斯混合（红色点）时的比较。线性整流流经过一步 Reflow 后产生近似直线轨迹。但 VP ODE 和
sub-VP ODE 的轨迹呈曲线，无法通过 Reflow 平直。

VP ODE 和 sub-VP ODE (VP ODE and sub-VP ODE) The VP ODE and sub-VP ODE of
[73] use the following shared αt:

[73] 中的 VP ODE 和 sub-VP ODE 使用如下共同的 αt：

(sub-)VP ODE: αt = exp
(
−1

4
a(1− t)2 − 1

2
b(1− t)

)
; 默认值：a = 19.9, b = 0.1, (7)

where the default values of a, b are chosen to match the continuous time limit of the shared training procedure
of DDIM and DDPM. The difference of VP ODE and sub-VP ODE is on the choice of βt, given as follows:

其中 a, b 的默认值选择以匹配 DDIM 和 DDPM 共同训练过程的连续时间极限。VP ODE 和
sub-VP ODE 的区别在于 βt 的选择，如下所示：
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时间离散化 整流流 VP ODE sub-VP ODE VP ODE（恒定速度）
步数 N αt = t, βt = 1− t αt in (7), βt =

√
1− α2

t αt in (7), βt = 1− α2
t αt = t, βt =

√
1− α2

t

N = 1

N = 2

N = 5

N = 100

图 5: Trajectories of different methods when varying the number of discretization steps N (purple dots: π0;
red dots: π1; orangle dots: intermediate steps; blue curves: flow trajectories). The rectified flow travels in
straight lines and progresses uniformly in time; it generates the mean of π1 when simulated with a single
Euler step, and quickly covers the whole distribution π1 with more steps (in this case N = 2 is sufficient).
In comparison, VP ODE and sub-VP ODE travel in curves with non-uniform speed: they tend to be slow in
the beginning and speed up in the later phase (much of the update happens when t⪆0.5). The non-uniform
speed can be avoided by setting αt = t (see the last column). 不同方法在离散化步数 N 变化时的轨迹（紫
色点：π0；红色点：π1；橙色点：中间步；蓝色曲线：流轨迹）。整流流沿直线运动且在时间上均匀推进；
当用单个欧拉步模拟时生成 π1 的均值，更多步数下迅速覆盖整个分布 π1（此例 N = 2 足矣）。相比之下，
VP ODE 和 sub-VP ODE 以非均匀速度沿曲线运动：它们在初始阶段缓慢，后期加速（大部分更新发生在
t⪆0.5 时）。设定 αt = t 可避免非均匀速度（见最后一列）。

VP ODE: βt =
√
1− α2

t , sub-VP ODE: βt = 1− α2
t . (8)

As β0 ≈ 1 in both VP and sub-VP ODE, the π0 in both cases are taken as N (0, I).

由于在 VP ODE 和 sub-VP ODE 中 β0 ≈ 1，两种情况下的 π0 都取为 N (0, I)。
The choices of αt, βt above are the consequence of the SDE-based derivation in [73]. However, they are not
well-motivated when we exam the path properties of the induced ODEs:

上述 αt, βt 的选择是 [73] 中基于 SDE 的推导结果。但在检查诱导 ODE 的路径性质时，它们的动
机不充分：

• 非直线路径 (Non-straight paths): 由于 (8) 中 βt 的选择，VP ODE 和 sub-VP ODE 的轨迹一般
是曲线，无法通过 Reflow 过程平直。应选择 βt = 1− αt 以诱导直线路径。
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图 6: t vs. αt, βt of different methods. 不
同方法的 t vs. αt, βt。

• 非均匀速度 (Non-uniform speed): (7) 中 αt 的指数形
式是在推导 SDE 模型时使用 Ornstein–Uhlenbeck 过程
的结果 [73, 23]。但对于 ODE，使用 (7) 没有明显优势。
如图 5 所示，VP ODE 和 sub-VP ODE 的 αt 和 βt 在早
期阶段（t⪅0.5）变化缓慢。因此，流在初期运动缓慢，大
部分更新集中在后期。这种非均匀更新速度加上非直线路
径，使 VP ODE 和 sub-VP ODE 在使用大步长时性能不
佳，即使是在简单球形高斯分布间的传输（见图 5）。如图 5 最后一列所示，将 VP ODE 中的指数
αt 改为线性函数 αt = t 可获得均匀更新速度，同时保持相同的连续时间轨迹。

VE ODE The VE ODE of [73] uses αt = 1 and βt = σmin
√
r2(1−t) − 1 where σmin = 0.01 by default r is

set such that σmax := rσmin is as large as the maximum Euclidean distance between all pairs of training data
points from π1 (Technique 1 of [72]). Assume that σ2

max is much larger than both σ2
min and the variance of

X1, then X0 = X1 + β0ξ ≈ σmaxξ, and we can set the initial distribution to be π0 ∼ N (0, σ2
maxI), which has

much larger variance than π1. Hence, VE ODE can not be applied to (and not shown in) the toys in Figure 4
and Figure 5. As the case of (sub-)VP ODE, the restriction on ξ is in fact unnecessary and requirement that
σmax is unnatural viewed from our framework. On the other hand, the trajectories of Xt in VE ODE are
indeed straight lines, because the direction of Ẋt = β̇tξ is always the same as ξ. However, the choice of βt

causes a non-uniform speed issue similar to that of (sub-)VP ODE.

[73] 中的 VE ODE 使用 αt = 1 和 βt = σmin
√
r2(1−t) − 1，其中 σmin = 0.01 是默认值，r 设定使

得 σmax := rσmin 等于 π1 中所有训练数据点对间的最大欧氏距离（[72] 技巧 1）。假设 σ2
max 远大于

σ2
min 和 X1 的方差，则 X0 = X1 + β0ξ ≈ σmaxξ，我们可将初始分布设定为 π0 ∼ N (0, σ2

maxI)，其
方差远大于 π1。因此 VE ODE 无法应用于（也未显示在）图 4 和图 5 中的玩具示例。与 (sub-)VP
ODE 情况类似，对 ξ 的限制实际上多余，σmax 的设定从我们框架的角度看并无必要。另一方面，
VE ODE 中 Xt 的轨迹确实为直线，因为 Ẋt = β̇tξ 的方向始终与 ξ 相同。但 βt 的选择导致类似
于 (sub-)VP ODE 的非均匀速度问题。
Following [73, 23], a line of works have been proposed to improve the choices of αt, βt, but remain to be
constrained by the basic design space from the SDE-to-ODE derivation; see for example [54, 29, 95].

继 [73, 23] 之后，已有多项工作试图改进 αt, βt 的选择，但仍受制于 SDE-to-ODE 推导的基本设计
空间；见例如 [54, 29, 95]。
To summarize, the simple nonlinear rectified flow framework in (6) both simplifies and extends the existing
framework, and sheds a number of importance insights:

• Learning ODEs can be considered directly and independently without resorting to diffusion/SDE methods;
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• The paths of the learned ODEs can be specified by any smooth interpolation curve Xt of X0 and X1;

• The initial distribution π0 can be chosen arbitrarily, independent with the choice of the interpolation Xt.

• The canonical linear interpolation Xt = tX1 + (1− t)X0 should be recommended as a default choice.

On the other hand, non-linear choices of Xt can be useful when we want to incorporate certain non-Euclidan
geometry structure of the variable, or want to place certain constraints on the trajectories of the ODEs. We
leave this for future works.

总结一下，(6) 中的简单非线性整流流框架既简化又扩展了现有框架，揭示了多个重要观点：

• 学习 ODE 可直接独立进行，无需诉诸扩散/SDE 方法；

• 学习 ODE 的路径可由 X0 和 X1 的任意光滑插值曲线 Xt 指定；

• 初始分布 π0 可任意选择，独立于插值 Xt 的选择。

• 标准线性插值 Xt = tX1 + (1− t)X0 应作为默认推荐选择。

另一方面，Xt 的非线性选择可在如下情形有用：当我们想融入变量的某些非欧几里得几何结构，
或想对 ODE 的轨迹施加某些约束时。我们将此留作未来工作。

3 理论分析 (Theoretical Analysis)

We present the theoretical analysis for rectified flow. The results are summarized as follows.

我们为整流流提供理论分析。结果总结如下。

• [第 3.1 节] 所有具有任意插值 Xt 的非线性整流流都保持边缘分布。

• [第 3.2 节] 整流流（使用标准线性插值）降低凸传输代价。

• [第 3.3 节] Reflow（重整流）保证平直化（线性）整流流。

• [第 3.4 节] 我们澄清平直耦合与 c-最优耦合之间的关系。

• [第 3.5 节] 我们将 PF-ODE 建立为非线性整流流的实例。

3.1 保边缘性 (The Marginal Preserving Property)

The marginal preserving property that Law(Zt) = Law(Xt) for ∀t is a general property of the nonlinear
rectified flows in (6), regardless whether the interpolation Xt is straight or not.
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边缘分布保持性质 Law(Zt) = Law(Xt) 对所有 t 成立，是通式 (6) 中所有非线性整流流的一般性
质，无论插值 Xt 是否平直。

定义 3.1. 对于路径上处处连续可微的随机过程 X = {Xt : t ∈ [0, 1]}，其期望速度 vX 定义为

vX(x, t) = E[Ẋt | Xt = x], ∀x ∈ supp(Xt).

对于 x ̸∈ supp(Xt)，条件期望未定义，我们任意设定 vX，比如 vX(x, t) = 0。

定义 3.2. 如果 vX 局部有界且下列积分方程的解存在唯一，则称 X 可整流：

Zt = Z0 +

∫ t

0
vX(Zt, t)dt, ∀t ∈ [0, 1], Z0 = X0. (9)

此时，Z = {Zt : t ∈ [0, 1]} 称为由 X 诱导的整流流。

定理 3.3. Assume X is rectifiable and Z is its rectified flow. Then Law(Zt) = Law(Xt) for
∀t ∈ [0, 1].

Proof. For any compactly supported continuously differentiable test function h : Rd → R, we have

对任意紧支撑的连续可微测试函数 h : Rd → R，有
d
dtE[h(Xt)] = E[∇h(Xt)

⊤Ẋt] = E[∇h(Xt)
⊤vX(Xt, t)], (10)

where we used vX(Xt, t) = E[Ẋt|Xt]. By definition, this is equivalent to that πt := Law(Xt) solves in the
sense of distributions the continuity equation with drift vXt := vX(·, t):

其中我们用了 vX(Xt, t) = E[Ẋt|Xt]。按定义，这等价于 πt := Law(Xt) 以分布意义下满足具有漂
移 vXt := vX(·, t) 的连续性方程：

π̇t +∇ · (vXt πt) = 0. (11)

To see the equivalence of (10) and (11), we can multiply (11) with h and integrate both sides:

为了看到 (10) 和 (11) 的等价性，我们可以用 h 乘以 (11) 两边后积分：

0 =

∫
h(π̇t +∇ · (vXt πt)) =

∫
hπ̇t −∇h⊤vXt πt =

d
dtE[h(Xt)]− E[∇h(Xt)

⊤vX(Xt, t)],

where we use integration by parts that
∫
h∇ · (vXt πt) = −

∫
∇h⊤(vXt πt).

Because Zt is driven by the same velocity field vX , its marginal law Law(Zt) solves the very same equation
with the same initial condition (Z0 = X0). Hence, the equivalence of Law(Zt) and Law(Xt) follows if the

23



solution of (11) is unique, which is equivalent to the uniqueness of the solution of dZt = vX(Zt, t) following
Corollary 1.3 of Kurtz [37] (see also Theorem 4.1 of Ambrosio and Crippa [1]).

其中我们使用分部积分 ∫
h∇ · (vXt πt) = −

∫
∇h⊤(vXt πt)。

由于 Zt 由相同的速度场 vX 驱动，其边缘分布 Law(Zt) 满足同样的方程和同样的初值条件
(Z0 = X0)。因此，Law(Zt) 和 Law(Xt) 的等价性成立，只要 (11) 的解唯一，这根据 Kurtz [37] 的
推论 1.3（参见 Ambrosio and Crippa [1] 定理 4.1）等价于 dZt = vX(Zt, t) 的解的唯一性。

3.2 降低凸传输代价 (Reducing Convex Transport Costs)

The fact that (Z0, Z1) yields no larger convex transport costs than (X0, X1) is a consequence of using the
special linear interpolation Xt = tX1 + (1− t)X0 as the geodesic of Euclidean space.

(Z0, Z1) 的凸传输代价不大于 (X0, X1) 的这一事实是由特殊线性插值 Xt = tX1 + (1− t)X0（欧氏
空间的测地线）的结果。

定义 3.4. 如果耦合 (X0, X1) 的线性插值过程 X = {tX1 + (1 − t)X0 : t ∈ [0, 1]} 可整流，则
称该耦合可整流。此时，(9) 中的 Z = {Zt : t ∈ [0, 1]} 称为耦合 (X0, X1) 的整流流，记为

Z = RectFlow((X0, X1))；(Z0, Z1)称为 (X0, X1)的整流耦合，记为 (Z0, Z1) = Rectify((X0, X1))。

定理 3.5. Assume (X0, X1) is rectifiable and (Z0, Z1) = Rectify((X0, X1)). Then for any convex
function c : Rd → R, we have

E[c(Z1 − Z0)] ≤ E[c(X1 −X0)].

Proof. The proof is based on elementary applications of Jensen’s inequality.

24



证明基于 Jensen 不等式的基本应用。

E [c(Z1 − Z0)] = E
[
c

(∫ 1

0
vX(Zt, t)dt

)]
//因为 dZt = vX(Zt, t)dt

≤ E
[∫ 1

0
c
(
vX(Zt, t)

)
dt
]

//c 的凸性，Jensen 不等式

= E
[∫ 1

0
c
(
vX(Xt, t)

)
dt
]

//Xt 和 Zt 有相同的边缘分布

= E
[∫ 1

0
c (E [(X1 −X0) | Xt]) dt

]
//vX 的定义

≤ E
[∫ 1

0
E [c (X1 −X0) | Xt] dt

]
//c 的凸性，Jensen 不等式

=

∫ 1

0
E [c (X1 −X0)] dt //E[E[(X1 −X0)|Xt]] = E[(X1 −X0)]

= E [c (X1 −X0)] .

If Xt is straight but with positive non-constant speed, that is, Xt = αtX1+βtX0 with βt = 1−αt and α̇t ≥ 0,
then we still have E[c(Z1−Z0)] ≤ E[c(X1−X0)] if c is convex and m-homogeneous in that c(ax) = |a|m c(x)

for ∀a ∈ R, x ∈ Rd, with some constant m ∈ (0, 1].

若 Xt 平直但速率非常数（即 Xt = αtX1 + βtX0，其中 βt = 1 − αt 且 α̇t ≥ 0），则当 c 是
凸且 m-齐次的（即 c(ax) = |a|m c(x) 对所有 a ∈ R, x ∈ Rd 和某个常数 m ∈ (0, 1]），仍有
E[c(Z1 − Z0)] ≤ E[c(X1 −X0)]。

3.3 平直化效应 (The Straightening Effect)

A coupling (X0, X1) is said to be straight (or fully rectified) if it is a fixed point of the Rectify(·) mapping.
It is desirable to obtain a straight coupling because its rectified flow is straight and hence can be simulated
exactly with one step using numerical solvers. In this section, we first characterize the basic properties of
straight couplings, showing that a coupling is straight iff its linear interpolation paths do not intersect with
each other. Then, we prove that recursive rectification straightens the coupling and its related flow with a
O(1/k) rate, where k is the number of rectification steps.

一个耦合 (X0, X1) 称为平直（或完全整流），如果它是 Rectify(·) 映射的不动点。获得平直耦合是
可取的，因为其整流流是平直的，因此可以用数值求解器在一步内精确模拟。在本节中，我们首先
描述平直耦合的基本性质，说明耦合是平直的当且仅当其线性插值路径不相交。然后，我们证明递
归整流使耦合及相关流以 O(1/k) 的速率平直，其中 k 是整流步数。
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定理 3.6. Assume (X0, X1) is rectifiable. Let Xt = tX1 + (1− t)X0 and Z = RectFlow((X0, X1)).
Then (X0, X1) is a straight coupling iff the following equivalent statements hold.

1. There exists a strictly convex function c : Rd → R, such that E[c(Z1 − Z0)] = E[c(X1 −X0)].

2. (X0, X1) is a fixed point of Rectify(·), that is, (X0, X1) = (Z0, Z1).

3. The rectified flow coincides with the linear interpolation process: X = Z.

4. The paths of the linear interpolation X do not intersect:

V ((X0, X1)) :=

∫ 1

0
E
[
∥X1 −X0 − E [X1 −X0 | Xt]∥2

]
dt = 0, (12)

where V ((X0, X1)) = 0 indicates that X1 − X0 = E[X1 − X0|Xt] almost surely when t ∼
Uniform([0, 1]), meaning that the lines passing through each Xt is unique, and hence no linear
interpolation paths intersect.

Proof. 3 → 2 → 1: Obvious.

3 → 2 → 1：显然。
1 → 4: If E[c(Z1 − Z0)] = E[c(X1 − X0)], the two applications of Jensen’s inequality in the proof of
Theorem 3.5 are tight. Because c is strictly convex, the second Jensen’s inequality in the proof implies that
X1 −X0 = E[X1 −X0 | Xt] almost surely w.r.t. X and t ∼ Uniform([0, 1]), which implies that V (X) = 0.

1 → 4: 若 E[c(Z1 − Z0)] = E[c(X1 − X0)]，定理 3.5 证明中的两个 Jensen 不等式应用都是紧
的。因 c 严格凸，第二个 Jensen 不等式的等号条件表明 X1 − X0 = E[X1 − X0 | Xt] 对 X 和
t ∼ Uniform([0, 1]) 几乎处处成立，从而 V (X) = 0。
4 → 3: If V (X) = 0, we have

∫ s

0
(X1 −X0)dt =

∫ s

0
E[X1 −X0|Xt]dt =

∫ s

0
vX(Xt, t)dt for s ∈ (0, 1]. Hence

4 → 3: 若 V (X) = 0，对 s ∈ (0, 1]有 ∫ s
0 (X1−X0)dt =

∫ s
0 E[X1−X0|Xt]dt =

∫ s
0 vX(Xt, t)dt。因此

Xt = X0 +

∫ t

0
(X1 −X0)dt = X0 +

∫ t

0
vX(Xt, t)dt.

Because Z satisfies the same equation (9), we have X = Z by the uniqueness of the solution.

因为 Z 满足相同的方程 (9)，由解的唯一性有 X = Z。
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O(1/K) 收敛速率 We now show that as we apply rectification recursively, the rectified flows become
increasingly straight and the linear interpolation of the couplings becomes increasingly non-intersecting.

现在我们展示，当递归应用整流时，整流流变得越来越平直，耦合的线性插值变得越来越不相交。

定理 3.7. Let Zk the k-th rectified flow of (X0, X1), that is, Zk+1 = RectFlow((Zk
0 , Z

k
1 )) and

(Z0
0 , Z

0
1 ) = (X0, X1). Assume each (Zk

0 , Z
k
1 ) is rectifiable for k = 0, . . . ,K.

Then
K∑
k=0

S(Zk+1) + V ((Zk
0 , Z

k
1 )) ≤ E

[
∥X1 −X0∥2

]
.

Hence, E[∥X1 −X0∥2] < +∞, we have mink≤K(S(Zk) + V ((Zk
0 , Z

k
1 )) = O(1/K).

因此，若 E[∥X1 −X0∥2] < +∞，则 mink≤K(S(Zk) + V ((Zk
0 , Z

k
1 )) = O(1/K)。

Proof. Taking c(x) = ∥x∥2 in the proof of Theorem 3.5, we can obtain that

在定理 3.5 的证明中取 c(x) = ∥x∥2，我们可以得到

E [∥X1 −X0∥]− E [∥Z1 − Z0∥] = S(Z) + V ((X0, X1)). (13)

Applying it to each rectification step yields

对每个整流步应用它得到

E
[∥∥∥Zk

1 − Zk
0

∥∥∥2]− E
[∥∥∥Zk+1

1 − Zk+1
0

∥∥∥2] = S(Zk+1) + V ((Zk
0 , Z

k
1 )).

A telescoping sum on k = 0, . . . ,K gives the result.

对 k = 0, . . . ,K 做 telescoping 求和得到结果。

3.4 平直耦合与最优耦合 (Straight vs. Optimal Couplings)

A coupling (X0, X1) is called c-optimal if it achieves the minimum of E[c(X1−X0)] among all couplings that
share the same marginals. Understanding and computing the optimal couplings have been the main focus of
optimal transport [e.g., 84, 2, 15, 59]. Straight couplings is a different desirable property. In the following,
we show that straightness is a necessary but not sufficient condition of being c-optimal for a strictly convex
function c, except in the one dimensional case when the two concepts coincides. Hence, it is “easier” to find
a straight coupling than a c-optimal couplings.
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耦合 (X0, X1) 称为 c-最优，如果它在所有具有相同边缘分布的耦合中实现 E[c(X1 −X0)] 的最小
值。理解和计算最优耦合一直是最优传输的主要焦点 [例如 84, 2, 15, 59]。平直耦合是一个不同的
可取性质。在下面，我们展示平直性是严格凸函数 c 的 c-最优性的必要但非充分条件，除了一维情
况，在一维情况下两个概念重合。因此，找到平直耦合” 比较容易”，而找 c-最优耦合更困难。

定理 3.8. If a rectifiable coupling (X0, X1) is c-optimal for some strictly convex cost function c,
then (X0, X1) is a straight coupling.

Proof. Let (Z0, Z1) = Rectify((X0, X1)). If (X0, X1) is c-optimal, we must have E[c(Z1 −Z0)] = E[c(X1 −
X0)]. This implies Statement 1 in Theorem 3.6 and hence that (X0, X1) is straight.

令 (Z0, Z1) = Rectify((X0, X1))。若 (X0, X1)是 c-最优的，则必有 E[c(Z1−Z0)] = E[c(X1−X0)]。
这对应于定理 3.6 第 1 条，故 (X0, X1) 平直。

一维情况 (1D Case) For any π0, π1 on R, there exists an unique coupling (X∗
0 , X

∗
1 ) that is simultaneously

optimal for all non-negative convex cost functions c. This coupling is uniquely characterized by a monotonic
property: for every (x0, x1) and (x′

0, x
′
1) in the support of (X∗

0 , X
∗
1 ), if x0 < x′

0, then x1 ≤ x′
1. Furthermore,

if π0 is absolutely continuously w.r.t. the Lebesgue measure, then (X∗
0 , X

∗
1 ) must be deterministic in that

there exists a mapping T : R → R such that X∗
1 = T (X∗

0 ). See [65].

对于 R 上的任意 π0, π1，存在唯一的耦合 (X∗
0 , X

∗
1 ) 对所有非负凸代价函数 c 同时最优。这个耦合

通过单调性性质唯一刻画：对于支撑中的任意 (x0, x1) 和 (x′0, x
′
1)，若 x0 < x′0，则 x1 ≤ x′1。进一

步，若 π0 对 Lebesgue 测度绝对连续，则 (X∗
0 , X

∗
1 ) 必须是确定性的，即存在映射 T : R → R 使得

X∗
1 = T (X∗

0 )。参见 [65]。
In the following, we show that straight couplings on R coincides with the deterministic monotonic coupling
(X∗

0 , X
∗
1 ) and hence is unique and simultaneously optimal for all convex c when π0 is absolutely continu-

ous. The idea is that, in R, a coupling is monotonic iff its linear interpolation paths do not intersect, a
characteristic feature of straight couplings.

在下面，我们展示 R 上的平直耦合与确定性单调耦合 (X∗
0 , X

∗
1 ) 重合，因此当 π0 绝对连续时，平

直耦合唯一且对所有凸 c 同时最优。在 R 上，耦合单调当且仅当其线性插值路径不相交——这正是
平直耦合的特征。

引理 3.9. A coupling on R is straight iff it is deterministic and monotonic.

定理 3.10. For any π0, π1 on R, there exists either no straight coupling, or a unique straight coupling.
Further, if exists, the unique straight coupling is deterministic and monotonic, and jointly optimal
w.r.t. all convex cost functions c : Rd → [0,+∞) for which the minimum value of E [c(X1 −X0)]
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exists and is finite.

Proof of Lemma 3.9. If (X0, X1) on R is straight, then it coincides with its rectified coupling (Z0, Z1) =

Rectify((X0, X1)). But because (Z0, Z1) is induced from the rectified flow dZt = vX(Zt, t)dt, it is obviously
deterministic. It is also monotonic due to the non-crossing property of flows. Specifically, if (Z0, Z1) is not
monotonic, there exists (z0, z1) and (z′0, z

′
1) in the support of (Z0, Z1) such that z0 < z′0 and z1 > z′1. If this

happens, there must exists t0 ∈ (0, 1), such that zt0 = z′t0 . But by the uniqueness of the solution, we have
zt = zt for t ≥ t0, which is conflicting with z1 > z′1.

若 R 上的 (X0, X1) 是平直的，则它与其整流耦合 (Z0, Z1) = Rectify((X0, X1)) 重合。但 (Z0, Z1)

由整流流 dZt = vX(Zt, t)dt 诱导，故显然是确定性的。由流的非穿交性也是单调的。具体地，若
(Z0, Z1) 不单调，则支撑中存在 (z0, z1) 和 (z′0, z

′
1) 满足 z0 < z′0 但 z1 > z′1。则必有某个 t0 ∈ (0, 1)

使得 zt0 = z′t0。但由解的唯一性，对 t ≥ t0 有 zt = z′t，矛盾。
Assume (X0, X1) is deterministic and monotonic. Due to the monotonicity, there exists no x0 and x′

0 in
the support of π0, such that x0 ̸= x′

0 and xt0 = x′
t0 for some t0 < 1. This suggests that X1 − X0 =

E[X1 −X0 | Xt] = vX(Xt, t) for t ∈ (0, 1), and hence dXt = (X1 −X0)dt = vX(Xt)dt, which is the ODE of
the rectified flow. In addition, Xt is obviously the unique solution of this ODE. Hence (X0, X1) is rectifiable
and straight following Statement 3 of Theorem 3.6.

假设 (X0, X1) 是确定性且单调的。由单调性，不存在 x0, x
′
0 在 π0 的支撑中满足 x0 ̸= x′0 且某

个 t0 < 1 处有 xt0 = x′t0。从而 X1 − X0 = E[X1 − X0 | Xt] = vX(Xt, t) 对 t ∈ (0, 1) 成立，即
dXt = (X1 −X0)dt = vX(Xt, t)dt 是整流流的 ODE。显然 Xt 是该 ODE 的唯一解，根据定理 3.6
第 3 条，(X0, X1) 可整流且平直。

Proof of Theorem 3.10. This is the result of Lemma 3.9 combined with the fact that the monotonic cou-
pling is unique and jointly optimal for all convex c for which the optimal coupling exists, following Lemma
2.8 and Theorem 2.9 of [65].

这是引理 3.9 和单调耦合是唯一的且对所有凸 c（其最优耦合存在）联合最优这一事实相结合的结
果，根据 [65] 的引理 2.8 和定理 2.9。

多维情况 (Multi-dimensional cases) On the other hand, on Rd with d ≥ 2, the different cost
functions c do not share a common optimal coupling in general, and a straight coupling is not guaranteed
to optimize a specific c; this is expected because the Rectify(·) procedure does not depend on a particular
choice of c. Hence, one must modify the Rectify(·) procedure to tailor it to a specific c of interest.
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另一方面，在 Rd（d ≥ 2）上，不同的代价函数 c 一般不共享一个公共的最优耦合，平直耦合不
保证优化特定的 c；这是预期的，因为 Rectify(·) 程序不依赖于 c 的特定选择。因此，必须修改
Rectify(·) 程序以使其适应感兴趣的特定 c。
In a recent work [30], it was conjectured that the couplings (Z0, Z1) induced from VP ODE (equivalently
DDIM) yields an optimal coupling w.r.t. the quadratic loss, which was proved to be false in [39, 78]. Here
we show that even straight couplings are not guaranteed to be optimal, not to mention that VP ODE does
not follow straight paths by design.

在最近的工作 [30] 中，有人推测 VP ODE（等价地 DDIM）诱导的耦合 (Z0, Z1) 关于二次损失产
生最优耦合，但这被 [39, 78] 证明为假。在这里，我们展示即使平直耦合也不保证最优，更不用说
VP ODE 按设计不沿着平直路径。
We explore this in a separate work [42] that is devoted to modifying rectified flow to find c-optimal couplings; a
result from [42] that can be easily stated is that the optimal coupling w.r.t. the quadratic cost c(·) = ∥·∥2 can
be achieved as the fixed point of Rectify(·) if v is restricted to be a gradient field of form v(x, t) = ∇f(x, t)

when solving (1). Restricting v to be a gradient field removes the rotational component of the velocity field
vX that causes sub-optimal transport cost.

我们在另一项专门致力于修改整流流以找 c-最优耦合的工作 [42] 中探索这一点；来自 [42] 可以容
易陈述的一个结果是，关于二次代价 c(·) = ∥·∥2 的最优耦合可以作为 Rectify(·) 的不动点达到，
若 v 被限制为梯度场形式 v(x, t) = ∇f(x, t)。将 v 限制为梯度场移除了速度场 vX 导致次优传输
代价的旋转分量。

3.5 去噪扩散模型与概率流 ODE (Denoising Diffusion Models and Probability
Flow ODEs)

We prove that the probability flow ODEs (PF-ODEs) of [73] can be viewed as nonlinear rectified flows in
(6) with Xt = αtX1 + βtξ. We start with introducing the algorithmic procedures of the denoising diffusion
models and PF-ODEs, and refer the readers to the original works [73, 23, 70] for the theoretical derivations.

我们证明 [73] 中的概率流 ODE（PF-ODE）可视为 (6) 中的非线性 Rectified Flow，其中 Xt =

αtX1 + βtξ.。我们首先介绍去噪扩散模型与 PF-ODE 的算法流程，详细的理论推导见原始文献
[73, 23, 70]。
The denoising diffusion methods learn to generative models by constructing an SDE model driven by a
standard Brownian motion Wt:
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去噪扩散方法通过构造由标准布朗运动 Wt 驱动的 SDE 模型来学习生成模型：

dUt = b(Ut, t)dt+ σtdWt, U0 ∼ π0, (14)

where σt : [0, 1] → [0,+∞) is a (typically) fixed diffusion coefficient, b is a trainable neural network, and
the initial distribution π0 is restricted to a spherical Gaussian distribution determined by hyper-parameter
setting of the algorithm. The idea is to first collapse the data into an (approximate) Gaussian distribution
using a diffusion process, mostly an Ornstein-Uhlenbeck (OU) process, and then estimate the generative
diffusion process (14) as the time reversal [e.g., 3] of the collapsing process.

其中 σt : [0, 1] → [0,+∞)是（通常为固定的）扩散系数，b是可训练的神经网络，初始分布 π0 受限于
由算法超参数决定的球形高斯分布。该方法的思想是：首先用扩散过程（主要是 Ornstein-Uhlenbeck
(OU) 过程）将数据坍缩至（近似）高斯分布，然后将生成扩散过程 (14) 理解为坍缩过程的时间反
演 [e.g., 3]。
Without diving into the derivations, the training loss of the VE, VP, sub-VP SDEs for b in [73] can be
summarized as follows:

不深入推导细节，[73] 中 VE、VP、sub-VP SDE 对 b 的训练损失可总结为：

min
v

∫ 1

0
E
[
wt ∥v(Vt, t)− Yt∥22

]
dt, Vt = αtX1 + βtξt, Yt = −ηtVt −

σ2
t

βt
ξt, (15)

where ξt is a diffusion process satisfying ξt ∼ N (0, I), and ηt, σt are the hyper-parameter sequences of the
algorithm, and αt, βt are determined by ηt, σt via

其中 ξt 是满足 ξt ∼ N (0, I) 的扩散过程，ηt, σt 是算法的超参数序列，αt, βt 由 ηt, σt 通过以下关
系确定：

αt = exp
(∫ 1

t
ηsds

)
, β2

t =

∫ 1

t
exp

(
2

∫ s

t
ηrdr

)
σ2
sds. (16)

The relation in (16) is derived to make Ṽt = V1−t = α1−tX1 + β1−tξt follow the Ornstein-Uhlenbeck (OU)
processes dṼt = η1−tṼtdt+ σ1−tdWt.

(16) 中的关系经推导得出，使得 Ṽt = V1−t = α1−tX1 + β1−tξt 遵循 Ornstein-Uhlenbeck (OU) 过
程 dṼt = η1−tṼtdt+ σ1−tdWt。
VE SDE, which is equivalent to SMLD in [71, 72], takes ηt = 0 and hence has αt = 1. (sub-)VP SDE takes
ηs to be a linear function of s, yielding the exponential αt in (7). VP SDE (which is equivalent to DDPM
[23]) takes ηt = − 1

2σ
2
t which yields that α2

t + β2
t = 1 as shown in (8). In DDPM, it was suggested to write

b(x, t) = −ηtx− σ2
t

βt
ϵ(x, t), and estimate ϵ as a neural network that predicts ξt from (Vt, t).
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VE SDE 等价于 [71, 72] 中的 SMLD，取 ηt = 0 因而 αt = 1。(sub-)VP SDE 取 ηs 为 s 的线性函
数，从而得到 (7)中的指数 αt。VP SDE（等价于 DDPM [23]）取 ηt = −1

2σ
2
t，此时满足 α2

t +β2
t = 1

（见 (8)）。在 DDPM 中，常采用 b(x, t) = −ηtx− σ2
t

βt
ϵ(x, t) 的形式，其中 ϵ 是神经网络，从 (Vt, t)

预测 ξt。
Theoretically, the SDE in (14) with b solving (15) is ensured to yield Law(U1) = Law(X1) = π1 when
initialized from U0 = α0X1 + β0ξ0, which can be approximated by U0 ≈ βξ0 when α0X1 ≪ β0ξ0.

从理论上讲，(14) 中求解 (15) 的 SDE 在从 U0 = α0X1 + β0ξ0 初始化时，保证得到 Law(U1) =

Law(X1) = π1；当 α0X1 ≪ β0ξ0 时，可近似为 U0 ≈ βξ0。
By using the properties of Fokker-Planck equations, it was observed in [73, 70] that the SDE in (14) with b

trained in (15) can be converted into an ODE that share the same marginal laws:

利用 Fokker-Planck 方程的性质，[73, 70] 观察到：(14) 中用 (15) 训练的 SDE 可转化为保持相同
边缘分布的 ODE：

dZt = b̃(Zt, t)dt, with b̃(z, t) =
1

2
(b(z, t)− ηtz), starting from Z0 = U0 = α0X1 + β0ξ0.

(17)

Equivalently, we can regard b̃ as the solution of which defers from (14) only by a factor of 1/2 in the
second term of Yt. This simple equivalence holds only when (14) and (17) use the special initialization of
Z0 = U0 = α0X1 + β0ξ0.

等价地，可将 b̃ 视为以下优化问题的解：

min
v

∫ 1

0
E
[
wt

∥∥∥v(Vt, t)− Ỹt

∥∥∥2
2

]
dt, Vt = αtX1 + βtξt, Ỹt = −ηtVt −

σ2
t

2βt
ξt, (18)

这与 (14) 仅在 Yt 第二项相差 1/2 的系数。此等价性仅在 (14) 和 (17) 采用特定初始化 Z0 = U0 =

α0X1 + β0ξ0 时成立。
In the following, we are ready to prove that (18) is can be viewed as the nonlinear rectified flow objective
in (6) using Xt = αtX1 + βtξ with ξ ∼ N (0, I). We mainly need to show that Ỹt is equivalent to Ẋt by
eliminating ηt and σt using the relation in (16).

下面证明 (18) 可视为非线性 Rectified Flow 目标 (6)，其中 Xt = αtX1 + βtξ，ξ ∼ N (0, I)。主要
工作是利用 (16) 中的关系消去 ηt 和 σt，证明 Ỹt 等价于 Ẋt。

命题 3.11. 假设 (16) 成立。则 (18) 等价于 (6)，其中 Xt = αtX1 + βtξ。
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Proof. First, note that we can take ξt = ξ for all time t, as the correlation structure of ξt does not impact
the result. Hence, we have Vt = Xt = αtX1 + βtξ. To show the equivalence of (18) and (6), we just need to
verify that Ẋt = Ỹt.

首先，注意对所有时刻 t 可取 ξt = ξ，因为 ξt 的相关结构不影响结果。因此 Vt = Xt = αtX1 + βtξ。
为证明 (18) 与 (6) 的等价性，只需验证 Ẋt = Ỹt：

Ỹt = −ηtXt +
σ2
t

2β2
t

(αtX1 −Xt)

= −η̇t (αtX1 + βtξ) +
σ2
t

2βt
ξ

= −η̇αtX1 +

(
−η̇tβt +

σ2
t

2βt

)
ξ

(∗)
= α̇tX1 + β̇tξ

= Ẋt.

where in (∗)
= we used that ηt = − α̇t

αt
and σ2

t = 2β2
t

(
α̇t

αt
− β̇t

βt

)
which can be derived from (16).

其中在 (∗)
= 处利用了 ηt = − α̇t

αt
和 σ2

t = 2β2
t

(
α̇t
αt

− β̇t

βt

)
，这些都可从 (16) 推导得出。

4 相关工作与讨论 (Related Works and Discussion)

单步模型学习 (Learning one-step models) GANs [19, 4, 43], VAEs [32], and (discrete-time) nor-
malizing flows [62, 13, 14] have been three classical approaches for learning deep generative models.

GAN [19, 4, 43]、VAE [32] 和（离散时间）标准化流 [62, 13, 14] 是深度生成模型的三种经典学习
方法。
GANs have been most successful in terms of generation qualities (for images in particular), but suffer from
the notorious training instability and mode collapse issues due to use of minimax updates.

GAN 在生成质量上最为成功（特别是图像生成），但因对抗式优化导致训练不稳定和模式崩溃。
VAEs and normalizing flows are both trained based on the principle of maximum likelihood estimation (MLE)
and need to introduce constraints on the model architecture and/or special approximation techniques to en-
sure tractable likelihood computation: VAEs typically use a conditional Gaussian distribution in addition to
the variational approximation of the likelihood; normalizing flows require to use specially designed invertible
architectures and need to copy with calculating expensive Jacobian matrices.
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VAE 和标准化流都基于最大似然估计（MLE）原理，需要在模型架构上引入约束或采用特殊的近
似技巧来保证似然计算的可行性：VAE 通常使用条件高斯分布和变分近似；标准化流则要求使用
特殊设计的可逆架构，并需处理昂贵的雅可比矩阵计算。
The reflow+distillation approach in this work provides another promising approach to training one-step
models, avoiding the minimax issues of GANs and the intractability issues of the likelihood-based methods.

本工作的 Reflow（重整流）+ 蒸馏方法提供了训练单步模型的另一条有前景的路径，既规避了
GAN 的对抗式优化问题，也避免了基于似然方法的不可行性问题。

常微分方程学习：最大似然和概率流 ODE (Learning ODEs: MLE and PF-ODEs) There are
two major approaches for learning neural ODEs: the PF-ODEs/DDIM approach discussed in Section 2.3,
and the more classical MLE based approach of [6].

学习神经 ODE 有两条主要路径：第 2.3 节讨论的 PF-ODE/DDIM 方法，以及 [6] 的更经典的基
于 MLE 的方法。

• 最大似然方法。

In [6], neural ODEs are trained for learning generative models by maximizing the likelihood of the distribution
of the ODE outcome Z1 at time t = 1 under the data distribution π1. Specifically, with observations from
π1, it estimates a neural drift v of an ODE dZt = v(Zt, t)dt by

在 [6] 中，神经 ODE 通过最大化时刻 t = 1 处 ODE 结果 Z1 在数据分布 π1 下的似然来训练生成
模型。具体地，给定来自 π1 的观测，通过以下方式估计 ODE dZt = v(Zt, t)dt 的神经漂移 v：

max
v

D(π1; ρv,π0), (19)

where D(·; ·) denotes KL divergence (or other discrepancy measures), and ρv,π0 is the density of Z1 following
dZt = v(Zt, t)dt from Z0 ∼ π0; the density of π0 should be known and tractable to calculate.

其中 D(·; ·) 表示 KL 散度（或其他差异度量），ρv,π0 是从 Z0 ∼ π0 遵循 dZt = v(Zt, t)dt 得到的
Z1 的密度；π0 的密度应该已知且易于计算。
By using an instantaneous change of variables formula, it was observed in [6] that the likelihood of neural
ODEs are easier to compute than the discrete-time normalizing flow without constraints on the model
structures. However, this MLE approach is still computationally expensive for large scale models as it requires
repeated simulation of the ODE during each training step. In addition, as the optimization procedure of
MLE requires to backpropagate through time, it can easily suffer the gradient vanishing/exploding problem
unless proper regularization is added.
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利用瞬时变量变换公式，[6] 观察到神经 ODE 的似然比离散时间标准化流更易计算，且无需对模
型结构加约束。但这种 MLE 方法对大规模模型仍然计算成本高昂，因为每个训练步骤都需要反复
模拟 ODE。此外，MLE 的优化过程需要跨时间反向传播，容易产生梯度消失或爆炸问题，除非加
入适当的正则化。
Another fundamental problem is that the MLE (19) of neural ODEs is theoretically under-specified, because
MLE only concerns matching the law of the final outcome Z1 with the data distribution π1, and there are
infinitely many ODEs to achieve the same output law of Z1 while traveling through different paths. A
number of works have been proposed to remedy this by adding regularization terms, such as these based on
transport costs, to favor shorter paths; see [54, 55]. With a regularization term, the ODE learned by MLE
would be implicitly determined by the initialization and other hyper-parameters of the optimizer used to
solve (19).

一个根本问题在于式 (19) 的神经 ODE MLE 在理论上不足以确定唯一解，因为 MLE 仅约束最终
分布 Z1 与数据分布 π1 的匹配，而可实现同一输出分布的 ODE 路径有无穷多条。为解决这一问
题，已有许多工作提出加入正则化项（如基于传输代价的项）来偏好更短的路径；见 [54, 55]。加
入正则化项后，MLE 学到的 ODE 会由优化算法的初始化和其他超参数隐式决定。

• 概率流 ODE。

The method of PF-ODEs [73] and DDIM [70] provides a different approach to learning ODEs that avoids the
main disadvantages of the MLE approach, including the expensive likelihood calculation, training-time sim-
ulation of the ODE models, and the need of backpropagation through time. However, because PF-ODEs and
DDIM were derived as the side product of learning the mathematically more involved diffusion/SDE mod-
els, their theories and algorithm forms were made unnecessarily restrictive and complicated. The nonlinear
rectified flow framework shows that the learning of ODEs can be approached directly in a very simple way,
allowing us to identify the canonical case of linear rectified flow and open the door of further improvements
with flexible and decoupled choices of the interpolation curves Xt and initial distributions π0.

PF-ODE [73] 和 DDIM [70] 方法提供了学习 ODE 的另一条路径，避免了 MLE 方法的主要缺点，
包括昂贵的似然计算、训练时 ODE 模型的模拟以及跨时间反向传播的需要。然而，因为 PF-ODE
和 DDIM 是作为学习更复杂的扩散/SDE 模型的副产品推导出来的，它们的理论和算法形式被设
计得不必要地受限和复杂。非线性 Rectified Flow 框架表明，ODE 学习可以以极其简洁的方式直
接进行，使我们能够识别线性 Rectified Flow 的规范情况，并通过灵活、解耦的插值曲线 Xt 和初
始分布 π0 选择来探索进一步的改进方向。
Viewed through the general non-linear rectified flow framework, the computational and theoretical drawbacks
of MLE can be avoided because we can simply pre-determines the “roads” that the ODEs should travel
through by specifying the interpolation curve Xt, rather than leaving it for the algorithm to figure out
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implicitly. It is theoretically valid to pre-specify any interpolation Xt because the neural ODE is highly over-
parameterized as a generative model: when v is a universal approximator and π0 is absolutely continuous,
the distribution of Z1 can approximate any distribution given any fixed interpolation curve Xt. The idea of
rectified flow is to the simplest geodesic paths for Xt.

从一般非线性 Rectified Flow 框架看，MLE 的计算和理论缺陷可以被规避，因为我们可以通过指
定插值曲线 Xt 预先确定 ODE 应该经过的” 路径”，而不是让算法隐式地找出它。预先指定任意插
值 Xt 在理论上是有效的，因为神经 ODE 作为生成模型是高度过参数化的：当 v 是通用近似器且
π0 绝对连续时，给定任意固定的插值曲线 Xt，Z1 的分布可以近似任何分布。Rectified Flow 的思
想在于为 Xt 选择最简单的测地线。

使用去噪扩散学习随机微分方程 (Learning SDEs with denoising diffusion) Although the
scope of this work is limited to learning ODEs, the score-based generative models [71–74] and denoising
diffusion probability models (DDPM) [23] are of high relevance as the basis of PF-ODEs and DDIM. The
diffusion/SDE models trained with these methods have been found outperforming GANs in image synthesis
in both quality and diversity [12]. Notably, thanks to the stable and scalable optimization-based training
procedure, the diffusion models have successfully used in huge text-to-image generation models with as-
tonishing results [e.g., 53, 61, 64]. It has been quickly popularized in other domains, such as video [e.g.,
24, 92, 21], music [51], audio [e.g., 33, 40, 60], and text [41, 88], and more tasks such as image editing [97, 50].

虽然本工作的范围限于学习 ODE，但基于分数的生成模型 [71–74] 和去噪扩散概率模型（DDPM）
[23] 的相关性很高，因为它们是 PF-ODE 和 DDIM 的基础。用这些方法训练的扩散/SDE 模型在
图像合成的质量和多样性上都超过了 GAN [12]。值得注意的是，得益于稳定可扩展的基于优化的
训练过程，扩散模型已成功应用于大规模文本到图像生成，取得了令人惊艳的结果 [如 53, 61, 64]。
它已迅速推广到其他领域，如视频 [如 24, 92, 21]、音乐 [51]、音频 [如 33, 40, 60] 和文本 [41, 88]，
以及图像编辑等任务 [97, 50]。
A growing literature has been developed for improving the inference speed of denoising diffusion models, an
example of which is the PF-ODEs/DDIM approach which gains speedup by turning SDEs into ODEs. We
provide below some examples of recent works, which is by no mean exhaustive.

围绕改进去噪扩散模型的推理速度已形成一个快速增长的文献体系，其中 PF-ODE/DDIM 方法通
过将 SDE 转为 ODE 来加速的案例就是一个例子。下面列举一些近期工作的例子，虽不穷尽但具
有代表性。

• 改进训练和推理。

A line of works focus on improving the inference and sampling procedure of denoising diffusion models. For
example, [54] presents a few simple modifications of DDPM to improve the likelihood, sampling speed, and
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generation quality. [29] systematic exams the design space of diffusion generative models with empirical
studies and identifies a number of training and inference recipes for better generative quality with fewer
sampling steps. [94] proposes a diffusion exponential integrator sampler for fast sampling of diffusion models.
[46] provides a customized high order solver for PF-ODEs. [5] provides an analytic estimate of the optimal
diffusion coefficient.

一类工作致力于改进去噪扩散模型的推理和采样过程。例如，[54] 提出了 DDPM 的若干简单修改，
以改进似然、采样速度和生成质量。[29] 系统地检视扩散生成模型的设计空间，通过实证研究找出
了多项训练和推理方案以获得更好的生成质量和更少的采样步数。[94] 提出了扩散指数积分器采样
器用于快速采样。[46] 为 PF-ODE 提供了定制的高阶求解器。[5] 给出了最优扩散系数的解析估计。

• 与其他方法结合。

Another direction is to speed up diffusion models by combining them with GANs and other generative
models. DDPM Distillation [47] accelerates the inference speed by distilling the trajectories of a diffusion
model into a series of conditional GANs. The truncated diffusion probabilistic model (TDPM) of [99] trains
a GAN model as π0 so that the diffusion process can be truncated to improve the speed; the similar idea
was explored in [48, 18], and [18] provides an analysis on the optimal truncation time. [68, 89, 81] learns a
denoising diffusion model in the latent spaces and combines it with variational auto-encoders. These methods
can be potentially applied to rectified flow to gain similar speedups for learning neural ODEs.

另一条路径是通过将扩散模型与 GAN 和其他生成模型结合来加速。DDPM 蒸馏 [47] 通过将扩散
模型的轨迹蒸馏到一系列条件 GAN 中来加速推理。截断扩散概率模型（TDPM）[99] 训练一个
GAN 模型作为 π0，使扩散过程可被截断以提高速度；类似思想在 [48, 18] 中被探索，[18] 提供了
最优截断时刻的分析。[68, 89, 81] 在潜在空间中学习去噪扩散模型并将其与变分自编码器相结合。
这些方法有可能被应用到 Rectified Flow 中以获得类似的加速收益。

• 非配对图像到图像翻译。

The standard denoising diffusion and PF-ODEs methods focus on the generative task of transferring a
Gaussian noise (π0) to the data (π1). A number of works have been proposed to adapt it to transferring
data between arbitrary pairs of source-target domains. For example, SDEdit [50] synthesizes realistic images
guided by an input image by first adding noising to the input and then denoising the resulting image through
a pre-trained SDE model. [8] proposes a method to guide the generative process of DDPM to generate
realistic images based on a given reference image. [75] leverages two two PF-ODEs for image translation,
one translating source images to a latent variable, and the other constructing the target images from the
latent variable. [97] proposes an energy-guided approach that employs an energy function pre-trained on the
source and target domains to guide the inference process of a pretrained SDE for better image translation.
In comparison, our framework shows that domain transfer can be achieved by essentially the same algorithm
as generative modeling, by simply setting π0 to be the source domain.
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标准去噪扩散和 PF-ODE 方法聚焦于将高斯噪声（π0）传输到数据（π1）的生成任务。已有许多
工作被提出以将其适配到任意源-目标领域对之间的数据传输。例如，SDEdit [50] 通过先对输入添
加噪声，再通过预训练的 SDE 模型去噪来合成由输入图像引导的逼真图像。[8] 提出了一种方法来
指导 DDPM 的生成过程基于给定的参考图像生成逼真图像。[75] 利用两条 PF-ODE，一条将源图
像传输到潜变量，另一条从潜变量构造目标图像。[97] 提出能量引导方法，用预训练的源-目标能量
函数指导 SDE 推理以改进图像翻译。相比之下，我们的框架表明领域传输可以通过本质上与生成
式建模相同的算法来实现，仅需将 π0 设为源领域。

• 扩散桥。

Some recent works [57, 44] show that the design space of denoising diffusion models can be made highly
flexible with the assistant of diffusion bridge processes that are pinned to a fixed data point at the end
time. This reduces the design of denoising diffusion methods to constructing a proper bridge processes. The
bridges in Song et al. [73] are constructed by a time-reversal technique, which can be equivalently achieved by
Doob’s h-transform as shown in [57, 44], and more general construction techniques are discussed in [44, 90].
Despite the significantly extended design spaces, an unanswered question is what type of diffusion bridge
processes should be preferred. This question is made challenging because the presence of diffusion noise and
the need of advanced stochastic calculus tools make it hard to intuit how the methods work. By removing
the diffusion noise, our work makes it clear that straight paths should be preferred. We expect that the idea
can be extended to provide guidance on designing optimal bridge processes for learning SDEs.

最近的一些工作 [57, 44] 表明去噪扩散模型的设计空间可以通过使用在末时刻固定到某个数据点的
扩散桥过程来变得高度灵活。这将去噪扩散方法的设计简化为构造适当的桥过程。在 Song et al.
[73] 中的桥通过时间反演技术构造，这可以等价地通过 Doob 的 h 变换实现，如 [57, 44] 所示，更
一般的构造技术在 [44, 90] 中讨论。尽管设计空间显著扩展，一个未回答的问题是应该偏好哪种扩
散桥过程。这个问题具有挑战性，因为扩散噪声的存在和高等随机微积分工具的需要使得直觉理解
这些方法的工作原理困难重重。通过去除扩散噪声，我们的工作明确表明直线路径应该被偏好。我
们期望这个思想可以扩展以为学习 SDE 的最优桥过程设计提供指导。

• 薛定谔桥。

Another body of works [87, 11, 7, 82] leverages Schrodinger bridges (SB) as an alternative approach to
learning diffusion generative models. These approaches are attractive theoretically, but casts significant
computational challenges for solving the Schrodinger bridge problem.

另一类工作 [87, 11, 7, 82] 利用薛定谔桥（SB）作为学习扩散生成模型的另一条路径。这些方法在
理论上有吸引力，但在求解薛定谔桥问题方面提出了重大计算挑战。
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重新审视扩散噪声的作用 (Re-thinking the role of diffusion noise) The introduction of diffusion
noise was consider essential due to the key role it plays in the derivations of the successful methods [73, 23].
However, as rectified flow can achieve better or comparable results with a ODE-only framework, the role of
diffusion mechanisms should be re-examed and clearly decoupled from the other merits of denoising diffusion
models. The success of the denoising diffusion models may be mainly attributed to the simple and stable
optimization-based training procedure that allows us to avoid the instability issues and the need of case-by-
case tuning of GANs, rather than the presence of diffusion noises.

扩散噪声的引入曾被认为至关重要，因为它在成功方法的推导中起关键作用 [73, 23]。然而，因为
Rectified Flow 能以纯 ODE 框架达到更好或相当的结果，扩散机制的作用应该被重新审视和明确
地从去噪扩散模型的其他优点中解耦出来。去噪扩散模型的成功主要来自简单且稳定的基于优化的
训练过程，这避免了 GAN 的不稳定性和逐案例调优的繁琐，而非扩散噪声本身。
Because our work shows that there is no need to invoke SDE tools if the goal is to learn ODEs, the remaining
question is whether we should learn an ODE or an SDE for a given problem. As already argued by a number
of works [73, 70, 29], ODEs should be preferred over SDEs in general. Below is a detailed comparison between
ODEs and SDEs.

因为我们的工作表明学习 ODE 无需使用 SDE 工具，剩下的问题是对于给定问题是应该学习 ODE
还是 SDE。如已有多项工作论证的 [73, 70, 29]，通常应该偏好 ODE 而非 SDE。下面是 ODE 和
SDE 之间的详细对比。

• 概念简洁性和数值速度。

SDEs are more mathematically involved and are more difficult to understand. Numerical simulation of ODEs
are simpler and faster than SDEs.

SDE 在数学上更复杂，更难理解。ODE 的数值模拟比 SDE 更简洁和更快。

• 时间可逆性。

It is equally easy to solve the ODEs forwardly and backwardly. In comparison, the time reversal of SDEs
[e.g., 3, 22, 17] is more involved theoretically and may not be computationally tractable.

对 ODE 进行前向和后向求解同样容易。相比之下，SDE 的时间反演 [如 3, 22, 17] 在理论上更复
杂，可能在计算上不可行。

• 潜在空间。

The couplings (Z0, Z1) of ODEs are deterministic and yield low transport cost in the case of rectified flows,
hence providing a good latent space for representing and manipulating outputs. Introducing diffusion noises
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make (Z0, Z1) more stochastic and hence less useful. In fact, the (Z0, Z1) given by DDPM [23] and the
SDEs of [73] and hence useless for latent presentation.

ODE 的耦合 (Z0, Z1) 是确定性的，在 Rectified Flow 情况下产生低传输代价，因此为表示和操作
输出提供了良好的潜在空间。引入扩散噪声使 (Z0, Z1) 更随机，因此效用较低。实际上，DDPM
[23] 和 [73] 的 SDE 给出的 (Z0, Z1) 对潜在表示无用。

• 训练难度。

There is no reason to believe that training an ODE is harder, if not easier, than training an SDE sharing
the same marginal laws: the training loss of both cases would share the distributions of covariant and differ
only on the targets. In the setting of [73], the two loss functions (15) and (18) are equivalent upto a linear
reparameterization.

没有理由相信训练 ODE 比训练共享相同边缘分布的 SDE 更难，如果不是更容易的话：两种情况
的训练损失会共享协变量分布，仅在目标上不同。在 [73] 的设定中，两个损失函数 (15) 和 (18) 在
线性重参数化意义下是等价的。

• 表达能力。

As every SDE can be converted into an ODE that has the same marginal distribution using the techniques
in [70, 73] (see also [84]), ODEs are as powerful as SDEs for representing marginal distributions, which is
what needed for the transport mapping problems considered in this work. On the other hand, SDEs may be
preferred if we need to capture richer time-correlation structures.

如 [70, 73] 中的技术所示（也见 [84]），每个 SDE 都可以转换为具有相同边缘分布的 ODE，因此
ODE 对表示边缘分布与 SDE 一样强大，这正是本工作所考虑的传输映射问题所需的。另一方面，
如果需要捕捉更丰富的时间相关结构，SDE 可能更为优选。

• 流形数据。

When equipped with neural network drifts, the outputs of ODEs tend to fall into a smooth low dimensional
manifold, a key inductive for structured data in AI such as images and text. In comparison, when using
SDEs to model manifold data, one has to carefully anneal the diffusion noise to obtain smooth outcomes,
which causes slow computation and a burden of hyperparameter tuning. SDEs might be more useful in for
modeling highly noisy data in areas like finance and economics, and in areas that involve diffusion processes
physically, such as molecule simulation.

当配备神经网络漂移时，ODE 的输出倾向于落在光滑的低维流形上，这是图像和文本等 AI 中结
构化数据的关键归纳偏置。相比之下，使用 SDE 建模流形数据时，需要仔细退火扩散噪声以得到
光滑的输出，这导致计算缓慢和超参数调整的负担。SDE 可能在金融和经济学等高噪声数据领域，

40



以及涉及物理扩散过程的领域（如分子模拟）更有用。

最优传输与直线传输 (Optimal vs. straight transport) Optimal transport has been extensively
explored in machine learning as a powerful way to compare and transfer between probability measures. For
the transport mapping problem considered in this work, a natural approach is to finding the optimal coupling
(Z0, Z1) that minimizes a transport cost E[c(Z1 − Z0)] for a given c. The most common choice of c is the
quadratic cost c(·) = ∥·∥2.

最优传输在机器学习中已被广泛探索，是比较和传输概率测度之间的强大方式。对于本工作所考
虑的传输映射问题，一条自然的方法是找到最小化给定 c 的传输代价 E[c(Z1 − Z0)] 的最优耦合
(Z0, Z1)。最常见的 c 选择是二次代价 c(·) = ∥·∥2。
However, finding the optimal couplings, especially for high dimensional continuous measures, is highly chal-
lenging computationally and is the subject of active research; see for example [67, 34, 35, 49, 63, 10]. In
addition, although the optimal couplings are known to have nice smoothness and other regularity properties,
it is not necessary to accurately find the optimal coupling because the transport cost do not exactly align
with the learning performance of individual problems; see e.g., [34].

然而，找到最优耦合，特别是对于高维连续测度，计算上高度困难，是活跃研究的主题；见例如
[67, 34, 35, 49, 63, 10]。此外，虽然已知最优耦合具有良好的光滑性和其他正则性质，但不必精确
找到最优耦合，因为传输代价与个别问题的学习表现并不完全一致；见例如 [34]。
In comparison, our reflow procedure finds a straight coupling, which is not optimal w.r.t. a given c (see
Section 3.4). From the perspective of fast inference, all straight couplings are equally good because they all
yield straight rectified flows and hence can be simulated with one Euler step.

相比之下，我们的 Reflow 过程找到直线耦合，这对给定的 c 而言并非最优（见 3.4 节）。从快速推
理的角度，所有直线耦合都同样好，因为它们都产生直线 Rectified Flow，因此可以用单步欧拉法
模拟。

5 实验 (Experiments)

We start by studying the impact of reflow on toy examples. After that, we demonstrate that with multiple
times of reflow, rectified flow achieves state-of-the-art performance on CIFAR-10. Moreover, it can also gen-
erate high-quality images on high-resolution image datasets. Going beyond unconditioned image generation,
we apply our method to unpaired image-to-image translation tasks to generate visually high-quality image
pairs.

我们首先研究 Reflow 在玩具例子上的影响。之后，我们展示通过多次 Reflow，Rectified Flow 在
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CIFAR-10 上达到最先进的性能。此外，它还能在高分辨率图像数据集上生成高质量图像。超越无
条件图像生成，我们将该方法应用于非配对图像到图像翻译任务以生成视觉上高质量的图像对。

算法 (Algorithm) We follow the procedure in Algorithm 1. We start with drawing (X0, X1) ∼ π0 × π1

and use it to get the first rectified flow Z1 by minimizing (1). The second rectified flow Z2 is obtained by
the same procedure except with the data replaced by the draws from (Z1

0 , Z
1
1 ), obtained by simulating the

first rectified flow Z1. This process is repeated for k times to get the k-rectified flow Zk. Finally, we can
further distill the k-rectified flow Zk into a one step model z1 = z0 + v(z0, 0) by fitting it on draws from
(Zk

0 , Z
k
1 ).

我们遵循算法 1 中的过程。我们从抽取 (X0, X1) ∼ π0 × π1 开始，并通过最小化 (1) 得到第一个
Rectified Flow Z1。第二个 Rectified Flow Z2 通过相同的过程获得，除了数据被替换为从第一个
Rectified Flow Z1 模拟得到的 (Z1

0 , Z
1
1 ) 的抽取。这个过程重复 k 次以得到 k-整流流（k-rectified

flow） Zk。最后，我们可以通过在 (Zk
0 , Z

k
1 ) 的抽取上进行拟合，进一步将 k-整流流（k-rectified

flow） Zk 蒸馏到单步模型 z1 = z0 + v(z0, 0)。
By default, the ODEs are simulated using the vanilla Euler method with constant step size 1/N for N steps,
that is, Ẑt+1/N = Ẑt + v(Ẑt, t)/N for t ∈ {0, . . . , N}/N . We use the Runge-Kutta method of order 5(4)
from Scipy [86], denoted as RK45, which adaptively decide the step size and number of steps N based on
user-specified relative and absolute tolerances. In our experiments, we stick to the same parameters as [73].

默认情况下，ODE 使用常数步长 1/N 和 N 步的范数欧拉方法进行模拟，即 Ẑt+1/N = Ẑt +

v(Ẑt, t)/N，其中 t ∈ {0, . . . , N}/N。我们使用 Scipy 的 5 阶（4 阶）龙格-库塔方法 [86]，记为
RK45，它根据用户指定的相对和绝对容差自适应地决定步长和步数 N。在我们的实验中，我们遵
循与 [73] 相同的参数。

5.1 玩具例子 (Toy Examples)

To accurately illustrate the theoretical properties, we use the non-parametric estimator vX,h(z, t) in (5) in
the toy examples in Figure 2, 3, 4, 5. In practice, we approximate the expectation in (5) an nearest neighbor
estimator: given a sample {x(i)

0 , x
(i)
1 }i drawn from (X0, X1), we estimate vX by

为了精确地说明理论性质，我们在图 2, 3, 4, 5 的玩具例子中使用非参数估计器 vX,h(z, t) (5)。在
实践中，我们用最近邻估计器近似 (5) 中的期望：给定从 (X0, X1) 抽取的样本 {x(i)0 , x

(i)
1 }i，我们

通过以下方式估计 vX：

vX,h(z, t) ≈
∑

i∈knn(z,m)

x
(i)
1 − z

1− t
ωh(x

(i)
t , z) /

∑
i∈knn(z,m)

ωh(x
(i)
t , z), x

(i)
t = tx

(i)
1 + (1− t)x

(i)
0 ,
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where knn(z,m) denotes the top m nearest neighbors of z in {x(i)
t }i. We find that the results are not sensitive

to the choice of m and the bandwidth h (see Figure 7). We use h = 1 and m = 100 by default. The flows are
simulated using Euler method with a constant step size of 1/N for N steps. We use N = 100 steps unless
otherwise specified.

其中 knn(z,m) 表示 z 在 {x(i)t }i 中的前 m 个最近邻。我们发现结果对 m 的选择和带宽 h 不敏感
（见图 7）。我们默认使用 h = 1 和 m = 100。使用欧拉方法和 N 步的常数步长 1/N 模拟流。我们
使用 N = 100 步，除非另有说明。
Alternatively, vX can be parameterized as a neural network and trained with stochastic gradient descent
or Adam. Figure 7 shows an example of when vX is parameterized as an 2-hidden-layer fully connected
neural network with 64 neurons in both hidden layers. We see that the neural networks fit less perfectly with
the linear interpolation trajectories (which should be piece-wise linear in this toy example). As shown in
Figure 7, we find that enhancing the smoothness of the neural networks (by increasing the L2 regularization
coefficient during training) can help straighten the flow, in addition to the rectification effect.

或者，vX 可以参数化为神经网络并通过随机梯度下降或 Adam 进行训练。图 7 显示了当 vX 参数
化为 2 层隐藏层、两个隐藏层各 64 个神经元的全连接神经网络时的例子。我们看到神经网络与线
性插值轨迹的拟合不如完美（在这个玩具例子中应该是分段线性的）。如图 7 所示，我们发现增强
神经网络的平滑性（通过在训练期间增加 L2 正则化系数）可以帮助平直化流，除了整流效应之外。

1-整流流 2-整流流 3-整流流 1-整流流 2-整流流 3-整流流

L2
罚
项

=
0

h
=

0
.0
1

L2
罚
项

=
0
.0
1

h
=

1

图 7: Rectified flows fitted with neural networks trained with different L2 penalty (left), and kernel estimator
with different bandwidth h (right). π0: red dots; π1: purple dots. 通过不同 L2 罚项的神经网络拟合的
Rectified Flow（左），以及不同带宽 h 的核估计器（右）。π0：红点；π1：紫点。

In Figure 3 of Section 2.2, the straightness is calculated as the empirical estimation of (3) based on the
simulated trajectories. The relative transport cost is calculated based on {z(i)0 , z

(i)
1 }ni=1 drawn from (Z0, Z1)

by simulating the flow, as 1
n

∑n
i=1

∥∥∥z(i)1 − z
(i)
0

∥∥∥2 − ∥∥∥z(i∗)1 − z
(i)
0

∥∥∥2, where z
(i∗)
1 is the optimal L2 assignment

of z(i)0 obtained by solving the discrete L2 optimal transport problem between {z(i)0 } and {z(i)1 }. We should
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note that this metric is only useful in low dimensions, as it tends to be identically zero in high dimensional
cases even vX is set to be a random neural network. This misleading phenomenon is what causes [30] to
make the false hypothesis that DDIM yields L2 optimal transport.

在 2.2 节的图 3 中，平直性根据模拟的轨迹计算为 (3) 的经验估计。相对传输代价根据通过模拟
流从 (Z0, Z1) 抽取的 {z(i)0 , z

(i)
1 }ni=1 计算，形式为 1

n

∑n
i=1

∥∥∥z(i)1 − z
(i)
0

∥∥∥2 − ∥∥∥z(i∗)1 − z
(i)
0

∥∥∥2，其中 z
(i∗)
1

是通过解 {z(i)0 } 和 {z(i)1 } 之间的离散 L2 最优传输问题得到的 z
(i)
0 的最优 L2 分配。应该注意的是，

这个度量仅在低维中有用，因为在高维情况中，即使 vX 被设置为随机神经网络，它也倾向于为 0。
这种误导性现象导致 [30] 做出了 DDIM 产生 L2 最优传输的错误假设。

5.2 无条件图像生成 (Unconditioned Image Generation)

We test rectified flow for unconditioned image generation on CIAFR-10 and a number of high resolution
datasets. The methods are evaluated by the quality of generated images by Fréchet inception distance (FID)
and inception score (IS), and the diversity of the generated images by the recall score following [38].

我们在 CIFAR-10和多个高分辨率数据集上测试 Rectified Flow进行无条件图像生成。通过 Fréchet
初始距离（FID）和初始分数（IS）评估生成的图像的质量，以及通过召回分数评估生成的图像的
多样性，遵循 [38]。

实验设置 (Experiment settings) For the purpose of generative modeling, we set π0 to be the standard
Gaussian distribution and π1 the data distribution. Our implementation of rectified flow is modified upon
the open-source code of [73]. We adopt the U-Net architecture of DDPM++ [73] for representing the drift
vX , and report in Table 1 (a) and Figure 8 the results of our method and the (sub)-VP ODE from [73] using
the same architecture. Other recent results using different network architectures are shown in Table 1 (b)
for reference. More detailed settings can be found in the Appendix.

为了生成式建模，我们设置 π0 为标准高斯分布，π1 为数据分布。我们的 Rectified Flow 实现是基
于 [73] 的开源代码修改的。我们采用 DDPM++ 的 U-Net 架构 [73] 来表示漂移 vX，并在表 1 (a)
和图 8 中报告我们的方法和 [73] 中的（sub）-VP ODE 使用相同架构的结果。使用不同网络架构
的其他最近结果在表 1 (b) 中作参考显示。更详细的设置可以在附录中找到。

结果 (Results) • Results of fully solved ODEs. As shown in Table 1 (a), the 1-rectified flow trained
on the DDPM++ architecture, solved with RK45, yields the lowest FID (2.58) and highest recall (0.57)
among all the ODE-based methods. In particular, the recall of 0.57 yields a substantial improvement over
existing ODE and GAN methods. Using the same RK45 ODE solver, rectified flows require fewer steps
to generate the images compared with VE, VP, sub-VP ODEs. The results are comparable to the fully
simulated (sub-)VP SDE, which yields simulation cost.
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方法 函数求值次数（NFE）(↓) 初始分数（IS）(↑) FID (↓) 召回（Recall）(↑)

常微分方程（ODE） 单步生成（欧拉求解器，N=1）
1-Rectified Flow（+ 蒸馏） 1 1.13 (9.08) 378 (6.18) 0.0 (0.45)
2-Rectified Flow（+ 蒸馏） 1 8.08 (9.01) 12.21 (4.85) 0.34 (0.50)
3-Rectified Flow（+ 蒸馏） 1 8.47 (8.79) 8.15 (5.21) 0.41 (0.51)
VP ODE [73]（+ 蒸馏） 1 1.20 (8.73) 451 (16.23) 0.0 (0.29)
sub-VP ODE [73]（+ 蒸馏） 1 1.21 (8.80) 451 (14.32) 0.0 (0.35)

常微分方程（ODE） 完整模拟（龙格-库塔方法（RK45），自适应 N）

1-Rectified Flow 127 9.60 2.58 0.57
2-Rectified Flow 110 9.24 3.36 0.54
3-Rectified Flow 104 9.01 3.96 0.53
VP ODE [73] 140 9.37 3.93 0.51
sub-VP ODE [73] 146 9.46 3.16 0.55

随机微分方程（SDE） 完整模拟（欧拉求解器，N=2000）
VP SDE [73] 2000 9.58 2.55 0.58
sub-VP SDE [73] 2000 9.56 2.61 0.58

方法 函数求值次数（NFE）(↓) 初始分数（IS）(↑) FID (↓) 召回（Recall）(↑)

生成对抗网络（GAN） 单步生成

SNGAN [52] 1 8.22 21.7 0.44
StyleGAN2 [28] 1 9.18 8.32 0.41
StyleGAN-XL [66] 1 - 1.85 0.47
StyleGAN2 + ADA [28] 1 9.40 2.92 0.49
StyleGAN2 + DiffAug [98] 1 9.40 5.79 0.42
TransGAN + DiffAug [26] 1 9.02 9.26 0.41

带 U-Net 的生成对抗网络（GAN） 单步生成

TDPM (T=1) [99] 1 8.65 8.91 0.46
去噪扩散生成对抗网络（T=1） [91] 1 8.93 14.6 0.19

常微分方程（ODE） 单步生成（欧拉求解器，N=1）
DDIM 蒸馏 [47] 1 8.36 9.36 0.51
NCSN++（VE ODE） [73]（+ 蒸馏） 1 1.18 (2.57) 461 (254) 0.0 (0.0)

常微分方程（ODE） 完整模拟（龙格-库塔方法（RK45），自适应 N）

NCSN++（VE ODE） [73] 176 9.35 5.38 0.56

随机微分方程（SDE） 完整模拟（欧拉求解器）

DDPM [23] 1000 9.46 3.21 0.57
NCSN++（VE SDE） [73] 2000 9.83 2.38 0.59

(a) 使用 DDPM++ 架构的结果。 (b) 文献中报告的具有不同架构的最近结果。

表 1: Results on CIFAR10 unconditioned image generation. Fréchet Inception Distance (FID) and Inception
Score (IS) measure the quality of the generated images, and recall score [38] measures diversity. The number
of function evaluation (NFE) denotes the number of times we need to call the main neural network during
inference. It coincides with the number of discretization steps N for ODE and SDE models. CIFAR10 无
条件图像生成的结果。Fréchet 初始距离（FID）和初始分数（IS）衡量生成图像的质量，召回分数 [38] 衡量
多样性。函数求值次数（NFE）表示推理期间调用主神经网络的次数。对于 ODE 和 SDE 模型，它与离散
化步数 N 一致。

• 完整求解的 ODE 的结果。如表 1 (a) 所示，在 DDPM++ 架构上训练的 1-整流流用 RK45 求解，
在所有基于 ODE 的方法中产生最低的 FID（2.58）和最高的召回值（0.57）。特别是，0.57 的召回
值相比现有的 ODE 和 GAN 方法产生了实质性的改进。使用相同的 RK45 ODE 求解器，Rectified
Flow 相比 VE、VP、sub-VP ODE 需要更少的步数来生成图像。结果与完整模拟的（sub）-VP
SDE 相当，后者产生的模拟代价相等。

Reflow Reflow
1-Rectified Flow

2-Rectified Flow
3-Rectified Flow

1-Rectified Flow 2-Rectified Flow
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图 9: The straightening effect on CIFAR10.
Left: the straightness measure on different reflow
steps and training iterations. Right: trajectories
of randomly sampled pixels following 1- and 2-
rectified flow. CIFAR10 上的平直化效应。左：
不同 Reflow 步数和训练迭代上的平直性度量。
右：随机采样的像素沿着 1-整流流和 2-整流流的
轨迹。

• Results on few and single step generation. As shown
in Figure 8, the reflow procedure substantially improves
both FID and recall in the small step regime (e.g., N⪅80),
even though it worsens the results in the large step regime
due to the accumulation of error on estimating vx. Fig-
ure 8 (b) show that each reflow leads to a noticeable im-
provement in FID and recall. For one-step generation
(N = 1), the results are further boosted by distillation
(see the stars in Figure 8 (a)). Overall, the distilled k-
Rectified Flow with k = 1, 2, 3 yield one-step generative
models beating all previous ODEs with distillation; they
also beat the reported results of one-step models with
similar U-net type architectures trained using GANs (see
the GAN with U-Net in Table 1 (b)).
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1-Rectified Flow 2-Rectified Flow 3-Rectified Flow 1-Distilled 2-Distilled 3-Distilled
sub-VP ODE VP ODE VE ODE sub-VP SDE VP SDE 2-Rectified Flow 3-Rectified Flow

Reflow Reflow Reflow Reflow

N = 1 N = 2 N = 3

(a) FID 和召回值 vs. 欧拉离散化步数 N (b) FID 和召回值 vs. 训练迭代

图 8: (a) Results of rectified flows and (sub-)VP ODE on CIFAR10 with different number N of Euler
discretization steps. (b) The FID and recall during different reflow and training steps. In (a), k-Distilled
refers to the one-step model distilled from k-Rectified Flow for k = 1, 2, 3. (a) Rectified Flow 和（sub）-VP
ODE 在 CIFAR10 上的结果，具有不同数量 N 的欧拉离散化步数。(b) 不同 Reflow 和训练步数期间的
FID 和召回值。在 (a) 中，k-蒸馏（k-Distilled）指从 k-整流流（k-Rectified Flow）蒸馏的单步模型，其中
k = 1, 2, 3。

• 少步和单步生成的结果。如图 8 所示，Reflow 过
程在小步骤制度中（例如，N⪅80）显著改进 FID 和召回值，尽管它在大步骤制度中恶化了结果
因为估计 vx 的误差累积。图 8 (b) 显示每个 Reflow 在 FID 和召回值中都导致可见的改进。对于
单步生成 (N = 1)，结果通过蒸馏进一步提升（见图 8 (a) 中的星星）。总的来说，蒸馏的 k-整流
流（k-Rectified Flow）其中 k = 1, 2, 3 产生单步生成式模型打败所有之前的带蒸馏的 ODE；它们
也打败了使用 GAN 训练的具有相似 U-Net 类型架构的单步模型的报告结果（见表 1 (b) 中的 带
U-Net 的生成对抗网络（GAN with U-Net））。
In particular, the distilled 2-rectified flow achieves an FID
of 4.85, beating the best known one-step generative model with U-net architecture, 8.91 (TDPM, Table 1
(b)). The recalls of both 2-rectified flow (0.50) and 3-rectified flow (0.51) outperform the best known
results of GANs (0.49 from StyleGAN2+ADA) showing an advantage in diversity. We should note that the
reported results of GANs have been carefully optimized with special techniques such as adaptive discriminator
augmentation (ADA) [28], while our results are based on the vanilla implementation of rectified flow. It is
likely to further improve rectified flow with proper data augmentation techniques, or the combination of
GANs such as those proposed by TDPM [99] and denoising diffusion GAN [91].

特别地，蒸馏的 2-整流流达到 FID 为 4.85，打败了
最好的已知的具有 U-Net 架构的单步生成式模型，8.91（TDPM，表 1 (b)）。2-整流流（0.50）和
3-整流流（0.51）的召回值都超过了 GAN 的最好已知结果（0.49 来自 StyleGAN2+ADA）展示了
多样性的优势。应该注意的是，GAN 的报告结果已经用特殊技术进行了仔细优化，如自适应鉴别
器增强（ADA） [28]，而我们的结果是基于 Rectified Flow 的范式实现。很可能通过适当的数据增
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强技术进一步改进 Rectified Flow，或 GAN 的结合，如 TDPM [99] 和去噪扩散生成对抗网络 [91]
所提出的。
• Reflow straightens the flow. Figure 9 shows the reflow
procedure decreases improves the straightness of the flow on CIFAR10. In Figure 10 visualizes the trajectories
of 1-rectified flow and 2-rectified flow on the AFHQ cat dataset: at each point zt, we extrapolate the terminal
value at t = 1 by ẑt1 = zt + (1 − t)v(zt, t); if the trajectory of ODE follows a straight line, ẑt1 should not
change as we vary t when following the same path. We observe that ẑt1 is almost independent with t for
2-rectified flow, showing the path is almost straight. Moreover, even though 1-rectified flow is not straight
with ẑt1 over time, it still yields recognizable and clear images very early (t ≈ 0.1). In comparison, it is need
t ≈ 0.6 to get a clear image from the extrapolation of sub-VP ODE.

• Reflow 平直化流。图 9 显示 Reflow 过程在 CI-
FAR10 上减少改进了流的平直性。在图 10 中可视化了 1-整流流和 2-整流流在 AFHQ 猫数据集上
的轨迹：在每个点 zt，我们通过 ẑt1 = zt + (1− t)v(zt, t) 推断 t = 1 处的终端值；如果 ODE 的轨迹
沿着直线，当沿着相同的路径跟随时，当我们改变 t 时，ẑt1 应该不改变。我们观察到 ẑt1 对于 2-整
流流几乎与 t 无关，显示路径几乎是直的。此外，即使 1-整流流不是直的，ẑt1 随着时间的变化，它
仍然在很早的时间（t ≈ 0.1）产生可识别和清晰的图像。相比之下，从 sub-VP ODE 的外推需要
t ≈ 0.6 才能获得清晰的图像。

高分辨率图像生成 (High-resolution image gen-
eration) Figure 11 shows the result of 1-rectified flow on image generation on high-resolution (256× 256)
datasets, including LSUN Bedroom [93], LSUN Church [93], CelebA HQ [27] to AFHQ Cat [9]. We can see
that it can generate high quality results across the different datasets. Figure 1 & 10 show that 1-(2-)rectified
flow yields good results within one or few Euler steps.

图 11 显示了 1-整流流在图像生成上的结果在高分
辨率（256× 256）数据集上，包括 LSUN Bedroom [93]、LSUN Church [93]、CelebA HQ [27] 到
AFHQ Cat [9]。我们可以看到它能在不同的数据集上生成高质量的结果。图 1 和 10 显示 1-（2-）
整流流在一个或几个欧拉步内产生好的结果。
Figure 12 shows a simple example of image editing using
1-rectified flow: We first obtain an unnatural image z1 by stitching the upper and lower parts of two natural
images, and then run 1-rectified flow backwards to get a latent code z0. We then modify z0 to increase its
likelihood under π0 (which is N (0, I)) to get more naturally looking variants of the stitched image.

图 12 显示了一个使用 1-整流流的简单图像编辑例
子：我们首先通过拼接两个自然图像的上下部分获得非自然图像 z1，然后反向运行 1-整流流获得
潜在代码 z0。我们然后修改 z0 来增加它在 π0 下的似然（其为 N (0, I)）以获得缝合图像更自然看
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图 10: Sample trajectories zt of different flows on the AFHQ Cat dataset, and the extrapolation ẑt1 =

zt + (1 − t)v(zt, t) from different zt. The same random seed is adopted for all three methods. The ẑt1 of
2-rectified flow is almost independent with t, indicating that its trajectory is almost straight. AFHQ 猫数
据集上不同流的样本轨迹 zt，以及来自不同 zt 的外推 ẑt1 = zt + (1− t)v(zt, t)。所有三个方法采用相同的随
机种子。2-整流流的 ẑt1 几乎与 t 无关，表明其轨迹几乎是直的。

起来的变体。

5.3 图像到图像翻译 (Image-to-Image Trans-
lation)

Assume we are given two sets of images of different styles
(a.k.a. domains), whose distributions are denoted by π0, π1, respectively. We are interested in transferring
the style (or other key characteristics) of the images in one domain to the other domain, in the absence
of paired examples. A classical approach to achieving this is cycle-consistent adversarial networks (a.k.a.
CycleGAN) [100, 25], which jointly learns a forward and backward mapping F,G by minimizing the sum of
adversarial losses on the two domains, regularized by a cycle consistency loss to enforce F (G(x)) ≈ x for all
image x.

假设给定两组不同风格的图像集合（分属不同领域），
其分布分别记为 π0, π1。我们的目标是在没有配对样本的情况下，将一个领域中的图像风格（或其
他关键特征）迁移到另一个领域。经典的方法是循环一致对抗网络（CycleGAN）[100, 25]，它同时
学习前向和反向映射 F,G，通过最小化两个领域上的对抗损失之和，并用循环一致性损失进行正
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图 11: 由 1-整流流生成的 256× 256 图像的例子。

图 12: An example of image editing using 1-rectified flow. Here, we stitch the images of a white cat and
a black cat into an unnatural image (denoted as z1). We simulate the ODE reversely from z1 to get the
latent code z0. Because z1 is not a natural image, z0 should have low likelihood under π0 = N (0, I).
Hence, we move z0 towards the high probability region of π0 to get z′0 and solve the ODE forwardly to
get a more realistically looking image z′1. The modification can be done deterministically by improving the
π0-likelihood via z′0 = αz0 with α ∈ (0, 1), or stochastically by Langevin dynamics, which yields a formula
of z′0 = αz0 +

√
1− α2ξ with ξ ∼ N (0, I). 一个使用 1-整流流的图像编辑例子。这里，我们将一个白色猫和

一个黑色猫的图像拼接成一个非自然图像（记为 z1）。我们从 z1 反向模拟 ODE 获得潜在代码 z0。因为 z1

不是自然图像，z0 应该在 π0 = N (0, I) 下有低似然。因此，我们移动 z0 朝向 π0 的高概率区域获得 z′0 并向
前求解 ODE 获得更现实看起来的图像 z′1。修改可以通过改进 π0-似然通过 z′0 = αz0 其中 α ∈ (0, 1) 确定性
地完成，或通过 Langevin 动力学随机性地完成，其产生 z′0 = αz0 +

√
1− α2ξ 其中 ξ ∼ N (0, I) 的公式。
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(A) 猫 → 野生动物 (B) 野生动物 → 猫 (C) MetFace → CelebA 脸 (D) CelebA 脸 → MetFace

图 13: 由 1-整流流在不同领域之间模拟 N = 100 欧拉步的样本。

初始化 1-整流流 2-整流流 1-整流流 2-整流流
N = 100 N = 100 N = 1 N = 1

图 14: 1-整流流和 2-整流流用 N = 1 和 N = 100 欧拉步模拟的结果样本。

则化，以确保所有图像 x 满足 F (G(x)) ≈ x。
By constructing the rectified flow of π0 and π1, we obtain
a simple approach to image translation that requires no adversarial optimization and cycle-consistency
regularization: training the rectified flow requires a simple optimization procedure and the cycle consistency
is automatically in flow models satisfied due to reversibility of ODEs.

通过构造 π0 和 π1 的 Rectified Flow，我们得到一个
简单的图像翻译方法，无需进行对抗优化和循环一致性约束。训练 Rectified Flow 仅需简单的优化
过程，而由于 ODE 的可逆性，循环一致性在流模型中得以自动满足。
As the main goal here is to obtain good visual results,
we are not interested in faithfully transferring X0 ∼ π0 to an X1 that exactly follows π1. Rather, we are
interested in transferring the image styles while preserving the identity of the main object in the image. For
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example, when transferring a human face image to a cat face, we are interested in getting a unrealistic face
of human-cat hybrid that still “looks like” the original human face.

我们的主要目标是获得好的视觉效果。我们不关心
将 X0 ∼ π0 完全精确地迁移到严格遵循 π1 的 X1。相反，我们关注保留图像中主要对象的身份特
征，同时迁移图像风格。例如，将人脸图像迁移到猫脸时，我们期望得到一个不真实的人猫混合脸，
但仍能” 看起来像” 原始人脸。
To achieve this, let h(x) be a feature mapping of image x

representing the styles that we are interested in transferring. Let Xt = tX1 + (1− t)X0. Then Ht = h(Xt)

follows an ODE of dHt = ∇h(Xt)
⊤(X1 − X0)dt. Hence, to ensure that the style is transferred correctly,

we propose to learn v such that H ′
t = h(Zt) with dZt = v(Zt, t)dt approximates Ht as much as possible.

Because dH ′
t = ∇h(Zt)

⊤v(Zt, t)dt, we propose to minimize the following loss:

为实现这一点，设 h(x) 为图像 x 的特征映射，代
表我们想要迁移的风格。令 Xt = tX1 + (1 − t)X0。则 Ht = h(Xt) 满足常微分方程 dHt =

∇h(Xt)
⊤(X1−X0)dt。为确保风格正确迁移，我们提议学习 v使得H ′

t = h(Zt)，其中 dZt = v(Zt, t)dt，
尽可能近似 Ht。由于 dH ′

t = ∇h(Zt)
⊤v(Zt, t)dt，我们提议最小化以下损失：

min
v

∫ 1

0
E
[∥∥∥∇h(Xt)

⊤(X1 −X0 − v(Xt, t))
∥∥∥2
2

]
dt, Xt = tX1 + (1− t)X0. (20)

In practice, we set h(x) to be latent representation of
a classifier trained to distinguish the images from the two domains π0, π1, fine-tuned from a pre-trained
ImageNet [77] model. Intuitively, ∇xh(x) serves as a saliency score and re-weights coordinates so that the
loss in (20) focuses on penalizing the error that causes significant changes on h.

在实践中，我们将 h(x) 设为一个分类器的潜在表示，
该分类器经过从预训练 ImageNet 模型 [77] 微调，用于区分两个领域 π0, π1 中的图像。直观地，
∇xh(x)充当显著性分数，重新加权坐标，使式 (20)中的损失集中于惩罚对 h产生显著变化的误差。

实验设置 (Experiment settings) We set the do-
mains π0, π1 to be pairs of the AFHQ [9], MetFace [28] and CelebA-HQ [27] dataset. For each dataset, we
randomly select 80% as the training data and regard the rest as the test data; and the results are shown
by initializing the trained flows from the test data. We resize the image to 512 × 512. The training and
network configurations generally follow the experiment settings in Section 5.2. See the appendix for detailed
descriptions.
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1-Rectified Flow

2-Rectified Flow

1-Rectified Flow

2-Rectified Flow

(a) 不同领域间迁移的 1 次和 2 次整流流轨迹样例 (b) MetFace → 猫的 1 次和 2 次整流流轨迹样例。
图 15: 1- and 2-rectified flow trajectories zt for transferring between different domains. (a) Shows transfers
between different domain pairs; (b) Shows MetFace → Cat transfer. 1 次和 2 次整流流在不同领域间迁移时
的轨迹 zt 样例。(a) 展示不同领域对间的迁移；(b) 展示 MetFace → 猫的迁移。

我们将领域 π0, π1 设为 AFHQ [9]、MetFace [28] 和
CelebA-HQ [27] 数据集的配对。对于每个数据集，我们随机选择 80% 作为训练数据，其余作为测
试数据；结果通过从测试数据初始化训练的流来展示。我们将图像缩放到 512× 512。训练和网络
配置大体遵循 5.2 节的实验设置。详细描述见附录。

结果 (Results) Figure 1, 13, 14, 15 show examples of
results of 1- and 2-rectified flow simulated with Euler method with different number of steps N . We can see
that rectified flows can successfully transfer the styles and generate high quality images. For example, when
transferring cats to wild animals, we can generate diverse images with different animal faces, e.g., fox, lion,
tiger and cheetah. Moreover, with one step of reflow, 2-rectified flow returns good results with a single Euler
step (N = 1). See more examples in Appendix.

图 1、13、14、15 展示了用欧拉方法以不同步数 N

模拟 1 次和 2 次整流流的结果示例。我们可以看到整流流能够成功迁移风格并生成高质量图像。
例如，将猫迁移到野生动物时，我们可以生成具有不同动物脸的多样图像，如狐狸、狮子、老虎和
猎豹。此外，经过一次 Reflow（重整流），2 次整流流在单个欧拉步 (N = 1) 下仍能获得良好结果。
更多示例见附录。

5.4 领域自适应 (Domain Adaptation)
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A key challenge of applying machine learning to real-
world problems is the domain shift between the training and test datasets: the performance of machine
learning models may degrade significantly when tested on a novel domain different from the training set.
Rectified flow can be applied to transfer the novel domain (π0) to the training domain (π1) to mitigate the
impact of domain shift.

将机器学习应用于现实问题的关键挑战是训练和测
试数据集之间的领域偏移：当在与训练集不同的新领域上测试时，机器学习模型的性能可能显著下
降。整流流可用于将新领域（π0）迁移到训练领域（π1）以缓解领域偏移的影响。

实验设置 (Experiment settings) We test the rec-
tified flow for domain adaptation on a number of datasets. DomainNet [58] is a dataset of common objects
in six different domain taken from DomainBed [20]. All domains from DomainNet include 345 categories
(classes) of objects such as Bracelet, plane, bird and cello. Office-Home [83] is a benchmark dataset for
domain adaptation which contains 4 domains where each domain consists of 65 categories. To apply our
method, first we map both the training and testing data to the latent representation from final hidden layer
of the pre-trained model, and construct the rectified flow on the latent representation. We use the same
DDPM++ model architecture for training. For inference, we set the number of steps of our flow model as
100 using uniform discretization. The methods are evaluated by the prediction accuracy of the transferred
testing data on the classification model trained on the training data.

我们在多个数据集上测试整流流进行领域自适应。
DomainNet [58] 是来自 DomainBed [20] 的六个不同领域的常见对象数据集。DomainNet 的所有
领域包含 345 个对象类别（类），如手镯、飞机、鸟和大提琴。Office-Home [83] 是领域自适应的
基准数据集，包含 4 个领域，每个领域有 65 个类别。为应用我们的方法，首先我们将训练和测
试数据映射到预训练模型最后隐藏层的潜在表示，并在潜在表示上构造整流流。我们使用相同的
DDPM++ 模型架构进行训练。为推理，我们用均匀离散化将流模型的步数设为 100。方法通过在
训练数据上训练的分类模型对迁移测试数据的预测精度进行评估。

结果 (Results) As demonstrated in Table 2, the 1-
rectified flow shows state-of-the-art performance on both DomainNet and OfficeHome. It is better or on par
with the previous best approach (Deep CORAL [76]), while sustainably improve over all other methods.

如表 2所示，1次整流流在DomainNet和OfficeHome
上都展示了最先进的性能。它优于或与之前最佳方法（Deep CORAL [76]）相当，同时对所有其他
方法有持续的改进。
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Method ERM IRM ARM Mixup MLDG CORAL Ours
OfficeHome 66.5± 0.3 64.3± 2.2 64.8± 0.3 68.1± 0.3 66.8± 0.6 68.7± 0.3 69.2 ± 0.5
DomainNet 40.9± 0.1 33.9± 2.8 35.5± 0.2 39.2± 0.1 41.2± 0.1 41.5 ± 0.2 41.4 ± 0.1

表 2: The accuracy of the transferred testing data using different methods, on the OfficeHome and DomainNet
dataset. Higher accuracy means the better performance. 用不同方法在 OfficeHome 和 DomainNet 数据集
上的迁移测试数据的精度。更高的精度表示更好的性能。
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算法 2 训练 (数据)
# 输入: Data={x0, x1}

# 输出: 整流流的模型 v(x, t)

初始化模型
for x0, x1 in Data: # x0, x1: 采样来自 π0, π1

Optimizer.zero_grad()

t = torch.rand(batchsize) # 随机采样 t ∈ [0,1]

Loss = ( Model(t*x1+(1-t)*x0, t) - (x1-x0) ).pow(2).mean()

Loss.backward()

Optimizer.step()

返回模型

算法 3 采样 (模型, 数据)
# 输入: 整流流的模型 v(x, t)

# 输出: 整流耦合的采样 (Z0, Z1)

coupling = []

for x0, _ in Data: # x0: 采样来自 π0 (batchsize×dim)
x1 = model.ODE_solver(x0)

coupling.append((x0, x1))

返回 coupling

A 额外实验细节 (Additional Experiment Details)

CIFAR-10 上的实验配置 (Experiment Configuration on CIFAR-10) We conduct uncondi-
tional image generation with the CIFAR-10 dataset [36]. The resolution of the images are set to 32 × 32.
For rectified flow, we adopt the same network structure as DDPM++ in [73]. The training of the network is
smoothed by exponential moving average as in [73], with a ratio of 0.999999. We adopt Adam [31] optimizer
with a learning rate of 2e− 4 and a dropout rate of 0.15.

我们使用 CIFAR-10 数据集进行无条件图像生成 [36]。图像分辨率设置为 32× 32。对于 Rectified
Flow，我们采用与 DDPM++相同的网络结构 [73]。网络训练使用指数移动平均（EMA）平滑 [73]，
系数为 0.999999。我们使用 Adam 优化器 [31]，学习率为 2e− 4，Dropout 比例为 0.15。
For reflow, we first generate 4 million pairs of (z0, z1) to get a new dataset D, then fine-tune the i-rectified
flow model for 300, 000 steps to get the (i + 1)-rectified flow model. We further distill these rectified flow
models for few-step generation. To get a k-step image generator from the i-rectified flow, we randomly
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算法 4 Reflow(数据)
# 输入: Data={x0, x1}

# 输出: 第 K 代整流耦合的采样
Coupling = Data

for k = 1, . . . ,K:

Model = Train(Coupling)

Coupling = sample(Model, Data)

返回 Coupling

图 16: Few-step generation with different ODEs. Compared with VE,VP,sub-VP ODE, 1-rectified flow can
generate blurry images using only 1,2,3 steps. After one time of rectification, 2-rectified flow can generate
clear images with 1,2,3 steps. 不同 ODE 的少步生成对比。与 VE、VP、sub-VP ODE 相比，1-代 Rectified
Flow 仅用 1、2、3 步就能生成模糊图像。经过一次整流后，2-代 Rectified Flow 能用 1、2、3 步生成清晰图
像。

sample t ∈ {0, 1/k, · · · , (k − 1)/k} during fine-tuning, instead of randomly sampling t ∈ [0, 1]. Specifically,
for k = 1, we replace the L2 loss function with the LPIPS similarity [96] since it empirically brings better
performance.

对于 Reflow，我们首先生成 400 万对 (z0, z1) 得到新数据集 D，然后对第 i 代 Rectified Flow
模型微调 300, 000 步得到第 (i + 1) 代 Rectified Flow 模型。进一步对这些 Rectified Flow 模型
进行蒸馏以实现少步生成。为从第 i 代 Rectified Flow 获得 k 步图像生成器，微调时随机采样
t ∈ {0, 1/k, · · · , (k − 1)/k}，而不是随机采样 t ∈ [0, 1]。特别地，对于 k = 1，我们将 L2 损失函数
替换为 LPIPS 相似性 [96]，实验表明这能获得更好的性能。

图像到图像翻译的实验配置 (Experiment Configuration on Image-to-Image Translation)
In this experiment, we also adopt the same U-Net structure of DDPM++ [73] for representing the drift
vX . We follow the procedure in Algorithm 1. For the purpose of generative modeling, we set π0 to be one
domain dataset and π1 the other domain dataset. For optimization, we use AdamW [45] optimizer with β

(0.9, 0.999), weight decay 0.1 and dropout rate 0.1. We train the model with a batch size of 4 for 1, 000

epochs. We further apply exponential moving average (EMA) optimizer with coefficient 0.9999. We perform
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grid-search on the learning rate from {5× 10−4, 2× 10−4, 5× 10−5, 2× 10−5, 5× 10−6} and pick the model
with the lowest training loss.

本实验同样采用 DDPM++ 的 U-Net 结构 [73] 来表示漂移场 vX。我们遵循算法 1 的流程。为
进行生成式建模，设 π0 为一个领域数据集，π1 为另一领域数据集。优化时使用 AdamW 优化器
[45]，β 为 (0.9, 0.999)，权重衰减为 0.1，Dropout 比例为 0.1。训练模型的批大小为 4，共 1, 000

个 epoch。进一步应用系数为 0.9999 的指数移动平均（EMA）优化器。我们对学习率进行网格搜
索，范围为 {5× 10−4, 2× 10−4, 5× 10−5, 2× 10−5, 5× 10−6}，选择训练损失最低的模型。
We use the AFHQ [9], MetFace [28] and CelebA-HQ [27] dataset. Animal Faces HQ (AFHQ) is an animal-
face dataset consisting of 15,000 high-quality images at 512 × 512 resolution. The dataset includes three
domains of cat, dog, and wild animals, each providing 5000 images. MetFace consists of 1,336 high-quality
PNG human-face images at 1024×1024 resolution, extracted from works of art. CelebA-HQ is a human-face
dataset which consists of 30,000 images at 1024× 1024 resolution. We randomly select 80% as the training
data and regard the rest as the test data, and resize the image to 512× 512.

我们使用 AFHQ [9]、MetFace [28] 和 CelebA-HQ [27] 数据集。AFHQ（Animal Faces HQ）是一
个动物脸部数据集，包含 15,000 张 512 × 512 分辨率的高质量图像，分为猫、狗和野生动物三个
领域，每个领域 5,000 张。MetFace 收集了 1,336 张 1024× 1024 分辨率的高质量 PNG 人脸图像，
提取自艺术作品。CelebA-HQ 包含 30,000 张 1024× 1024 分辨率的人脸图像。我们随机选取 80%
作为训练集，余下部分作为测试集，并将所有图像缩放至 512× 512。

领域自适应的实验配置 (Experiment Configuration on Domain Adaptation) For training
the model, we apply AdamW [45] optimizer with batch size 16, number of iterations 50k, learning rate 10−4,
weight decay 0.1 and OneCycle [69] learning rate schedule.

模型训练采用 AdamW 优化器 [45]，批大小为 16，迭代次数 50 k，学习率为 10−4，权重衰减为
0.1，使用 OneCycle [69] 学习率调度。
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图 17: To visualize the latent space, we randomly sample z0 and z1 from N (0, I), and show the generated
images of

√
αz0 +

√
1− αz1 for α ∈ [0, 1]. 为可视化潜在空间，我们从 N (0, I) 中随机采样 z0 和 z1，并显示

α ∈ [0, 1] 时 √
αz0 +

√
1− αz1 的生成图像。
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图 18: (a) We compare the latent space between Rectified Flow (0) and (1) using different sampling strategies
with the same random seeds. We observe that (i) both 1-Rectified Flow and 2-Rectified Flow can provide a
smooth latent interpolation, and their latent spaces look similar; (ii) when using one-step sampling (N = 1),
2-Rectified Flow can still provide visually recognizable interpolation, while 1-Rectified Flow cannot; (iii)
Distilled one-step models can also continuously interpolate between the images, and their latent spaces have
little difference with the original flow. (b) We composite the latent codes of two images by replacing the
boundary of a black cat with a white cat, then visualize the variation along the trajectory. The black cat
turns into a grey cat at first, then a cat with mixing colors, and finally a white cat. (c) We randomly sample
ξ ∼ N (0, I), then generate images with αξ to examine the influence of α on the generated images. We find
α < 1 results in overly smooth images, while α > 1 leads to noisy images. (a) 我们使用相同的随机种子，用
不同采样策略比较 0-代和 1-代 Rectified Flow 的潜在空间。观察发现：(i) 1-代和 2-代 Rectified Flow 都能
提供平滑的潜在插值，潜在空间相似；(ii) 使用单步采样（N = 1）时，2-代 Rectified Flow 仍能提供视觉上
可识别的插值，而 1-代不行；(iii) 蒸馏的单步模型也能在图像间连续插值，潜在空间与原始流差异很小。(b)
我们通过用白猫替换黑猫的边界来组合两张图像的潜在码，然后可视化沿轨迹的变化。黑猫首先变成灰猫，
然后是混合颜色的猫，最后变成白猫。(c) 我们随机采样 ξ ∼ N (0, I)，生成 αξ 对应的图像，检验 α 对生成
效果的影响。结果表明 α < 1 导致图像过度平滑，而 α > 1 则产生噪声。
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图 19: Sample trajectories zt of different flows on the CIFAR10 dataset, and the extrapolation ẑt1 = zt+(1−
t)v(zt, t) from different zt. The same random seed is adopted for all three methods. The ẑt1 of 2-rectified
flow is almost independent with t, indicating that its trajectory is almost straight. CIFAR-10 数据集上不同
流的采样轨迹 zt，以及从不同 zt 的外推 ẑt1 = zt + (1 − t)v(zt, t)。三种方法都使用相同的随机种子。2-代
Rectified Flow 的 ẑt1 几乎与 t 无关，表明其轨迹几乎是直线。

图 20: We perform latent space embedding / image reconstruction here. Given an image z1, we use an
reverse ODE solver to get a latent code ẑ0, then use a forward ODE solver to get a reconstruction ẑ1 of
the image. The columns in the figure are reverse ODE solver (forward ODE solver). (i) Thanks to the
’straightening’ effect, 2-rectified flow can get meaningful latent code with only one reverse step. It can
also generate recognizable images using one forward step. (ii) With the help of distilled models, one-step
embedding and reconstruction is significantly improved. 我们在此进行潜在空间嵌入和图像重构。给定图像
z1，使用反向 ODE 求解器得到潜在码 ẑ0，再用前向 ODE 求解器得到图像的重构 ẑ1。图中各列为反向 ODE
求解器（前向 ODE 求解器）。(i) 得益于平直化效应，2-代 Rectified Flow 仅用一个反向步骤就能得到有意
义的潜在码，也能用一个前向步骤生成可识别的图像。(ii) 借助蒸馏模型，单步嵌入和重构显著改进。
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图 21: More results for image-to-image translation between different domains. The images in each row are
time-uniformly sampled from the trajectory of 1-rectified flow solved N = 100 Euler steps with constant
step size. 不同领域间图像到图像翻译的更多结果。每行的图像是从用常数步长求解 N = 100 欧拉步的 1-代
Rectified Flow 轨迹中均匀时间采样得到的。
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